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Bendalir nano merupakan suatu kelas moden pemindahan haba bagi bendalir asas
yang mengandungi zarah bersaiz nanometer. Pemindahan haba dan jisim dalam
aliran lapisan sempadan pada permukaan bendalir nano tak Newtonan melalui per-
mukaan regangan condong adalah signifikan dalam pelbagai aplikasi kejuruteraan.
Justeru, tesis ini mengkaji pemindahan haba dan jisim bagi aliran bendalir nano
tak Newtonan mikro kutub dan Casson melalui permukaan regangan condong. Per-
masalahan yang dipertimbangkan melibatkan permukaan linear, tak linear, dan con-
dong telap. Penjelmaan kesetaraan digunakan bagi mengubah persamaan pembezaan
separa tak linear kepada persamaan pembezaan biasa tak linear. Penyelesaian berang-
ka diperoleh dengan menggunakan kaedah Keller-box. Kuantiti fizikal seperti geser-
an kulit, nombor Sherwood, nombor Nusselt, halaju, suhu, dan kepekatan dengan
kesan pelbagai parameter bahan diperiksa. Hasil kajian mendapati dalam permasala-
han aliran bendalir nano mikro kutub, pelbagai parameter bahan telah meningkatkan
nombor Nusselt, nombor Sherwood, dan geseran kulit. Selanjutnya, profil halaju
meningkat dengan peningkatan pada parameter bahan. Telatah yang serupa juga
telah dilihat dalam kes halaju sudut terhadap parameter bahan. Sementara itu, nom-
bor Nusselt dan nombor Sherwood menurun manakala geseran kulit meningkat den-
gan peningkatan kecondongan permukaan dan parameter magnetik. Halaju bendalir
nano menurun, manakala suhu dan kepekatan meningkat dengan peningkatan param-
eter Casson. Profil halaju didapati meningkat dengan peningkatan nombor Grashof
setempat dan nombor Grashof setempat terubah. Dapatan kajian ini disahkan dan
menepati keputusan dalam literatur.
Kata kunci: Pemindahan haba dan jisim, bendalir nano mikro kutub, bendalir nano
Casson, permukaan condong, permukaan regangan.
ii
Abstract
Nanofluid is a modern class of heat transfer fluids made of a base fluid containing
nanometer-sized particles. Heat and mass transfer in boundary layer flow of non-
Newtonian nanofluid over a stretching surface is of significant concern in various
engineering applications. Hence, this thesis studied the heat and mass transfer of
non-Newtonian micropolar and Casson nanofluids flow over an inclined stretching
surface. The considered problems involved linear, nonlinear, and permeable inclined
surfaces. Similarity transformations are employed to transform the nonlinear partial
differential equations into nonlinear ordinary differential equations. The numerical
solutions are obtained by using Keller-box method. The physical quantities such
as skin friction, Sherwood number, Nusselt number, velocity, temperature, and con-
centration profiles with different effects of material parameters are examined. This
study found that in micropolar nanofluid flow problems, the material parameters en-
hanced Nusselt number, Sherwood number and skin friction. Further, velocity profile
increases with increase in material parameter. Similar behavior also observed in the
case of angular velocity profile against material parameter. Meanwhile, Nusselt num-
ber and Sherwood number decrease whereas skin friction increases with increasing
surface inclination and magnetic parameter. Nanofluid velocity decreases whereas
temperature and concentration increase with increasing Casson parameter. Velocity
profile is found to increase by increasing local Grashof number and modified local
Grashof number. The present results are validated and in good agreement with pub-
lished results in literature.
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x̄, ȳ Cartesian coordinate axis
x,y non-dimensional Cartesian coordinate axis
Gr local Grashof number
Gc local modified Grashof number
Greek Letters
α thermal diffusivity parameter
γ∗ spin gradient viscosity
γ inclination parameter
θ temperature
−θ ′(0) reduced Nusselt number
−φ ′(0) reduced Sherwood number
φ rescaled nanoparticle volume fraction
v kinematic viscosity of the fluid
λ1 heat generation or heat absorption parameter
η similarity variable
xvii
τ ratio between heat capacitances of the nanoparticles and
base fluid
τw wall shear stress
ψ stream function
µ viscosity
ρ density of the nanofluid
ρb f density of the base fluid
ρp density of the nanoparticle
(ρc) f heat capacitance of the base fluid







∞ condition at ambient medium
w condition at the surface
Superscripts




Chapter in hand begins by introducing the general background of the problems un-
der study in Section 1.1. In addition, some important definitions in Section 1.2 are
presented that are relevant to this thesis. Moreover, scope and motivation along with
problem statement and objectives of the research are presented in Sections 1.3, 1.4,
and 1.5, respectively. Section 1.6 highlights the significance of the study, and Section
1.7 presents the research methodology. The Keller-box method and its implementa-
tion is explained in Section 1.8. Lastly, Section 1.9 presents the thesis outline.
1.1 Research Background
The development in the subject of fluid mechanics was initiated in 1755 when Euler
offered well-known equation of liquid flow for ideal (inviscid) fluids in his celebrated
paper entitled “General principles of the motion of liquids”. Meanwhile, fluid dynam-
ics is its subset in which we particularly discuss materials which are in motion. A
fluid is a substance that deforms continuously by applying a shear (tangential) stress
(Fox and McDonald, 1994), which is normally studied under two lenses in order
to explain the concept at length such as the Newtonian and non-Newtonian liquid.
The shear stress relates with rate of strain (velocity gradient) can mathematically be











where τ is the shearing stress, µ is the constant of proportionality and dudy denotes rate
of deformation. In Newtonian fluids, shearing strain shows direct relation with shear-
ing stress as given in Equation (1.1). Whereas, in non-Newtonian liquids, shearing
strain and shearing stress show inverse correspondence with each other. Newtonian
fluids contain, kerosene oil, air, water and mercury. In addition, blood, paints, grease
and coal tar are classified as non-Newtonian liquids (Kumar et al., 2017).
Here, those liquids which do not act upon Newton’s law of viscosity are under con-
sideration. The quantity of resistance among fluid to relative motion within the liquid
is stated the viscosity. Non-Newtonian fluids have several applications in manufac-
turing and technological process such as in boring processes and ergonomics.
Casson nanofluid changes the viscosity of the fluid to deviate the classical Newton’s
law of viscosity such as multi grade oils, blood, lubricants, printer inks, greases,
ceramics and fruit juices. Casson fluid reveals the yield stress similar as elastic solid.
It means that a fluid behaves similarly to a solid when yield pressure greater than
shear stress is act upon it. Whereas, it begins to move when yield pressure less than
shear stress. A shear thinning liquid which exhibits high shear viscosity and yield
stress is called Casson fluid. The examples of Casson fluid are tomato paste, jam,
rigorous fruit juices, blood and honey (Kumar et al., 2017). Casson fluid flow also has
important place in engineering. Viscosity found to decrease with the increase in shear
rate, giving rise to the shear thinning behavior. Shear thinning of a non-Newtonian
fluid depends on length and amount of shear stress being applied. Some complex and
suspensions fluids such as paint, ketchup, blood, nail polish and whipping cream are
examples of shear thinning behavior (Barnes et al., 1989).
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In recent era, non-Newtonian liquid has been of interest as its uses are more versa-
tile. Some examples are in drilling mud, paper production, plastic polymer, liquid
detergents, and multi grade oils (Ajayi et al., 2017). Venkatesan et al. (2013) consid-
ered blood as type of Casson liquid to analyze the movement of blood through bell
shaped stenosis. Shehzad et al. (2013) examined the influence of mass transport in
Casson fluid flow and found a sequence of results for resultant non-linear flow by
considering porous sheet. Further, Koriko et al. (2016) examined Casson fluid flow
for exponential surface.
Micropolar fluids are non-Newtonian fluid with suspended particles. This class of flu-
ids exhibit certain microscopic effects that arising from the local microstructure and
micro-motion of the fluid elements. The theory of micropolar fluids, firstly proposed
by Eringen (1966) has gained much attention because the traditional Newtonian fluids
cannot precisely describe the characteristics of the fluid flow with suspended parti-
cles. Examples of the micropolar fluids are industrial colloidal fluids, polymeric sus-
pensions and liquid crystals. Besides the man-made fluids stated above, micropolar
fluids with microstructures are also capable of representing naturally occurring flu-
idal phenomena, for instance, the behaviour of blood flow in arteries and capillaries
with stenosis (Devanathan and Parvathamma, 1983), red blood cells spin distribution,
the thickness of the cell-free plasma layer and the cell concentration distribution in
the tube, human body fluids flowing in brain as well as animal blood properties (Lok,
2008). Shamshuddin and Thumma (2019) discussed energy and species exchange
phenomenon of microplar liquid flow numerically for slanted geometry. In addition,
Characteristics of constant heat flux effect on micropolar fluid over a surface was
investigated by Majid et al. (2019). Recently, Fatunmbi and Okoya (2020) exam-
ined heat transfer process in magneto-micropolar fluid by incorporating temperature
dependent properties.
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A nanofluid is a fluid engineered by interrupting naturally made nanoparticles with
the base fluids. Due to less thermal conductivity, base liquids such as oil, water and
ethylene glycol mixture are considered. These liquids have low energy exchange ca-
pacities. To advance thermal properties of these liquids, nano or micro-sized particles
are added (Reddy et al., 2017). This type of fluids called nano fluids was engineered
by Choi and Eastman (1995).
This fluid plays a key role for potential cooling applications in electronics, photonics,
transportation, biomedical processes, genetic and chemical sensors (Das et al., 2007).
These nano sized particles show a quick resolving in the base fluid and stay settled
for a long time as compared to micro elements. Therefore, this property shows that
nanoparticles prolong stable suspensions to increase heat transfer and other charac-
teristics of the flow (Keblinski et al., 2005).
Nanofluid has high heat exchange ability compared to the base liquid due to its high
thermal conductivity. Therefore, it is very important in industrial practical applica-
tions in cooling systems (Roy et al., 2004). Eastman et al. (1996) studied that by
adding CuO nanoparticles with volume fraction 5% into the base liquid (water), its
thermal conductivity improved by 60%. There are several common ways adopted for
the preparation of nanofluid such as Kool-Aid method, inter-gas condensation pro-
cess, chemical vapor evaporation and chemical synthesis. Moreover, to study better
heat transfer characteristics which improve the diffusion rates and rapid suspension
of nanoparticles, a small amount of thioglycolic acid is added in nanofluid. Nanofluid
based on metal oxide nanoparticles (average diameter 35 nm) has less thermal con-
ductivity than nanofluid containing copper nanoparticles (Das et al., 2007). Chopkar
et al. (2006) produced nanofluid by adding Al70Cu30 nanoparticles in ethylene glycol
which improve the thermal conductivity up to 200%. This development in thermal
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conductivity is investigated by the transient hot wire method (Chon and Kihm, 2005).
The Brownian motion behaves as key parameter for the rapid enhancement in ther-
mal conductivity of the nanofluid (Jang and Choi, 2004). Moreover, because of it
this increasing behavior is also present in photographic study by showing the opti-
cal microscopy images (Chon and Kihm, 2005). This property was not predicted
by Maxwell theory (1873). Buongiorno (2006) completed a comprehensive survey
by using scale analysis on nanofluid by incorporating Brownian motion and ther-
mophoretic factors.
To date, there is no common constitutive model present in the literature demonstrating
the characteristics of nanofluid. These characteristics are important for researchers
working in different areas of nanotechnology to explore variety of nanofluids that
play vital role in many industrial processes such as metal-cutting fluids, hydraulic
fluids, lubricants and coolants (Das et al., 2007).
The heat and mass transfer in nanofluids are significant because of its importance
in the field of engineering and industry. The resulting governing equations with en-
ergy and mass exchange in nanofluid motion are nonlinear and more complex than
the Navier-Stokes equations. Therefore, it is very important to know about flow
analysis of nanofluids. Babu et al. (2013) examined different impacts of parameters
including particle extent, particle volume section and element material; and several
processes to improve the energy exchange abilities including Brownian motion, ther-
mophoresis, and assembling of nanoparticles, to name just a few. Zaimi et al. (2014)
investigated the energy transport of nanofluid flow for power law porous surface nu-
merically. They found dual solution for both shrinking and stretching sheet. Sharma
et al. (2016) investigated rheological property of nanofluid and found that particle
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shape and volume fraction affect the rheological behavior of any nanofluid and con-
cluded that nanofluid shows Newtonian behavior at small shear rate. Meanwhile, at
high shear rate values, they behave like non-Newtonian. In the next subsection, we
provide few important definitions in relation to non-Newtonian nanofluid study.
1.2 Important Definitions and Concepts
1.2.1 Micropolar Fluid
Eringen (1964) announced a new category of simple microfluids called micropolar
fluids to simplify the model of microfluids. In view of Eringen philosophy, micropo-
lar fluids can signify fluids comprising of firm arbitrarily oriented particles adjourned
in a viscid medium, where the distortion of particles is unnoticed. The attraction be-
hind this theory is that it is mutually a noteworthy overview of the classical Navier-
Stokes model. Interested readers can refer to Eringen (1964) and Lukaszewicz (1999)
for detailed theory of micropolar fluids.
1.2.2 Heat and Mass Transfer
Energy exchange is a thermal heat which transport from one place to another because
of spatial temperature difference. Heat transport can take place due to temperature
difference between the mediums (Bergman et al., 2011). Meanwhile, mass trans-
fer occurs due to the concentration difference between mediums. Just as the rise
in temperature starts the driving potential for energy exchange, the change in species
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concentration in a blend offers the moving potential for mass transport. The energy as
heat always transfer from higher temperature to lower temperature until both medi-
ums have same temperature. Three are three modes of transportation conduction,
convection and radiation. Whereas, in all ways, heat transfer occurs because of the
temperature difference.
1.2.3 Conduction
Conduction is the transmission of energy from one particle of the body to another
particle as a consequence of connections between the particles. Whereas, its rate
depends on the geometry of the material, width and temperature gradient. On the
other hand, in fluids, energy transfer takes place due to crashes and dispersion of
particles throughout their irregular movements. In the case of solids, it depends on
the free electrons and vibrations of the particles.
1.2.4 Convection
Convection refers to heat exchange between a solid surface and a fluid in motion
when they have altered temperatures. Whereas, the transfer of temperature is gov-
erned by fluid motion. If the fluid molecules do not move collectively, then con-
duction is the only way due to which energy transport from a solid surface to the
neighboring liquid. On the other hand, if the fluid molecules move in a group, the
heat exchange increases between liquid and surface, but it is difficult to determination
the amount of energy exchange in this problem. The flow phenomenon on a heated
surface classified as free, forced and mixed convection. Force convection is the mode
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of convection in which the flow is initiated by outer resources. In addition, free con-
vection is the form of convection in which motion of the liquid is caused because
of buoyancy impacts. In addition, collectively forced and free convection results in
mixed convection.
1.2.5 Radiation
Heat transfer due to electromagnetic waves (or alternatively, photons) specially through
infrared region is called radiation. Radiation released by a body is due to temperature
difference of its molecules. As the body increasing in temperature, it quickly increase
in power, and also increase in frequency. Black body can be used to express radiation
heat transfer. A black body is a body that fascinates every wavelengths of thermal
radiations that fall on it. Max Planck was the pioneer who developed the emission
spectrum of the black body. According to Stefan-BoltzmannlLaw radiation, energy
per unit time from a black body can be written mathematically as qr =σ∗T 4A. Mean-
while, Stefan-Boltzman law for other than ideal black bodies (as gray bodies) can be
expressed as qr = ε∗T 4A, where ε is emissivity of a black body and σ∗ denotes
Stefan-Boltzman constant. The fluid is taken to be a gray body and the Rosseland
calculation is applied to express the radiative heat flux in heat equation (Rohsenow
et al., 1998).
1.2.6 Magnetohydrodynamics (MHD)
Magnetohydrodynamics is the field of study which discusses about electrically con-
ducting fluids including salt water, ionized gases, and liquid metals (gallium, molten
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iron, mercury) by the result of magnetic field. The principal significance of MHD
impact in nanofluid is valuable in planetary atmosphere investigation. Electrical con-
ductivity perform a significant role in biological processes and micro mixing technol-
ogy for instance mixing of organic liquid in micro channels. Magnetic nanoparticles
are very useful in medical field such as in drug delivery vehicles utilized for cancer
cures (Chandrasekar and Suresh, 2009). Besides, magnetic nanoparticles can control
nanoparticle delivery where nanoparticle hyperthermia is used for confined cancer
tumors (Shah et al., 2020). The magnetic field impact on non-Newtonian nanofluid
experienced a force induced by the electric current which results in the modification
non-Newtonian nanofluid flow. Due to frequent uses of MHD boundary layer flow
over a stretching surface in industry and engineering significant endeavors have been
directed towards understanding the heat and mass transfer features of this fluid for
stretching geometry.
1.2.7 Brownian Motion
Brownian motion was introduced by a physician Robert Brown in 1827 during the
microscopic observation of suspension of tiny particles in water. He found that the
small particles to be in motion. Later, he observed the other particles mixed with
inorganic minerals are also busy in continuous movements, now termed Brownian
motion. He analyzed that Brownian movement takes place in numerous fluids, not
only in water, that exhibits the life cycle also in different fluid, that are harmful for
life (e.g. acid solutions). Brown observed this irregular collisions of small particles is
related to physics. Not limiting to fluid, Louis Bacheleir introduced this concept in fi-
nance in “The Theory of Speculation”, where Brownian motion is translated in to the
random movement of stock prices in market. In year 1905, Albert Einstein has suffi-
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ciently developed the statistic prperties of Brownian motion by using a probabilistic
model (Michaelides, 2015).
1.2.8 Thermophoresis
Thermophoresis is a consequence effect of Brownian motion to particles in liquids
with external constant temperature. Due to temperature difference in the flow field
of the suspension, small particles scattered quicker in the warmer region relative to
colder region. The migration of a colloidal particle (or large molecule) in a solution in
reaction to the incline of macroscopic temperature is termed thermophoresis. Tyndall
(1870) initially observed this phenomenon in 1877.
1.2.9 Boundary Layer
The concept of boundary layer flow of a liquid on a surface was first studied by
Prandtl (1874-1953) in his paper entitled “on the motion of fluids with very little
friction". He introduced the idea of boundary layer, which later being reformed as
the analysis of viscous flows in the twentieth century. Boundary layer is the thin
section of flow nearby the surface where flow is retorted due to the effect of viscous
forces between a solid surface and liquid (see Fig 1.1) (Anderson Jr, 2010). In view
of Prandtl boundary layer theory, viscous forces have significant effects in the thin
region adjacent to the surface because of velocity gradient. Though far from surface,
the viscous forces were insignificant if one finds the flow field. The surface attached
to the surface has zero velocity because of the viscous forces. This condition is
referred to as no slip condition. For more explanation of this concept, see Schlichting
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et al. (1960).
Figure 1.1. Boundary layer configuration in two dimension
1.2.10 Stretching Sheet
The flow towards a stretching sheet has established much intention because of its im-
portance in the field of engineering and industry such as materials manufactured by
extrusion, paper production, hot rolling, making of elastic and rubber extrusion, fiber
construction, and extrusion of the polymer sheets (Khan and Pop, 2010). Sakiadis
(1961) was initiated debates on laminar boundary layer flow of a viscous fluid initi-
ated by constant moving rigid body. Crane (1970) extended this work by discussing
the flow towards a stretching sheet. The flow behavior of nanofluid over stretching
surface by introducing new parameters for instance thermophoresis and Brownian
motion was first analyzed by Khan and Pop (2010).
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1.3 Scope and Motivation
The stretching surface in quiescent or moving fluid has received great consideration
due to its importance in the area of industry and engineering. In industrial processes,
some examples of the problems related to flow due to stretching surface are metallur-
gical processes like drawing of constant fibers over motionless liquids, strengthening
of copper wires, engineering of malleable and flexible sheets, rock emergent, fiber
spinning and constant cooling to mention a few (Imtiaz et al., 2020). In addition, such
flows find an applications in engineering, for instance extrusion of polymer, making
foods and paper, in textile industry and glass fiber manufacture (Suriyakumar and
Devi, 2015). Present day development in the area of chemical reaction investigation
shows effort in providing mathematical models for a system to predict the reactor
performance. In precise, the energy and mass exchange using chemical reaction has
great significance in hydrometallurgical and chemical productions. Chemical reac-
tion may be categorized by heterogeneous or homogeneous procedures.
Moreover, the influence of thermal radiations and chemical reaction on energy and
mass transport on extending surface is an interesting area for research because of its
extensive series of uses in physics and engineering, such as in atomic power plants,
geophysics and several force devices for military hardware, jet, satellites and space
automobiles (Reddy, 2016). The influence of magnetic field on free convective flows
are significant in electrolytes, ionized vapors and molten metals. The conduction tool
in ionized gases is not similar to that in metal substance because of the incorporation
of magnetic effect.
In view of the above stated applications, the boundary layer flow over a stretching
surface with energy and mass exchange that consider different aspects of physical
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features of the fluid is important in this research work.
1.4 Problem Statement
Motivated by the applications quoted in the previous section, this study emphasize on
energy and mass exchange of MHD boundary layer flow over an inclined stretching
surface. Many researchers have been investigating this kind of flow behavior towards
an inclined stretching surface. Energy and mass exchange MHD boundary layer flow
of nanofluids over an inclined stretching surface has attained a great importance be-
cause of its extensive variety of appliations in the area of industry and engineering.
However there is a deficiency of studies on the geometry of inclined stretching sur-
face for micropolar nanofluids and Casson nanofluids. Therefore, this research fo-
cuses on energy and mass exchange MHD boundary layer flow of micropolar and
Casson nanofluids on inclined stretching geometry, with more emphasize is given on
the factors including radiations, inclination, chemical reaction, suction or injection,
heat generation or absorption and magnetic field. The linear, permeable and power
law inclined stretching surfaces are taken into account in viscous micropolar-nano
fluids.
This research will elucidate the answers to the following questions.
1. How the available Navier-Stokes models expressing the behavior of boundary
layer flow relate with nanofluid models presented in this study?
2. How does the flow of micropolar and Casson nanofluid on a slanted geometry
compare by other fluid problems? How do the Brownian motion and thermophoresis
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factors affect energy and mass exchange charecteristics?
3. How does the energy and mass exchange of nanofluids flow examined by the
Keller-box method?
4. How does the problems discussed in this thesis match with the existing fluid prob-
lems?
Specifically, the problems consider in this research are as follow:
1. To develop the effect of micropolar nanofluid flow for linear inclined stretching
surface;
2. To examine the boundary layer flow of micropolar nanofluid over permeable in-
clined stretching surface;
3. To investigate the boundary layer flow of micropolar nanofluid over power law
inclined stretching surface;
4. To analyze the boundary layer flow of Casson nanofluid over linear inclined
stretching surface;
5. To examine the boundary layer flow of Casson nanofluid over power law inclined
stretching surface;
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1.5 Objectives of Research
This research scrutinizes the theoretical development of heat and mass exchange
MHD boundary layer flow of non-Newtonian nanofluid over an inclined stretching
surface. The objectives of this study contain the formation of appropriate mathemat-
ics models by formulating boundary layer equations and their numerical simulation.
Specifically, this thesis focuses on the following objectives:
1. To develop and extend mathematical models of micropolar and Casson nanofluid
flow over an inclined surface;
2. To develop an algorithm in MATLAB software program in order to get the solution
of all problems ;
3. To analyze the effect of pertinent parameters on concentration, velocity and tem-
perature distributions along with the variations of skin friction, Sherwood number
and local Nusselt number;
1.6 Significance of the Study
This research describes numerical results of energy and mass exchange for flow of
non-Newtonian nanofluid towards a slanted extending surface. The heat and mass
transport MHD boundary layer flow for inclined geometry has generated a much con-
sideration due to its noticeable uses in industry such as in hot rolling, metal sheets
in bath, broadsheet production and exclusion of malleable pieces. In addition, such
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type of flows has extensive variety of uses in chemical engineering, electrochemistry
and polymer processing (Jamaludin et al., 2018).
The thermal radiation and MHD impacts over a stretching surface are very important
especially in energy and mass transport, the stability of convective flows, nuclear re-
actors, MHD accelerators and geophysics. These effects have many engineering and
physical uses for instance thermal insulation, metallurgical process, polymer technol-
ogy, packed-bed catalytic reactors, and in power generators. (Peng et al., 2019).
1.7 Research Methodology
The problems discussed in current study carry out the following research methodol-
ogy:
1.7.1 Mathematical modeling
The full boundary layer equations are derived and mathematical model for micropolar
and Casson nanofluid flow problems are developed.
1.7.2 Mathematical Analysis
The governing equations are converted into coupled nonlinear ordinary differential




The converted ordinary differential equations with boundary conditions are solved
via the Keller-box scheme executed in Matlab program.
1.8 Keller Box Method and Matlab Implementaion
In the light of available literature, a variety of numerical methods exist for solving
couple ordinary differential equations for instance shooting method, Labatto-3Stage
formula, homotopy analysis method and Keller-box method. In this thesis, we em-
ployed the Keller box scheme for numerical simulation. It is easy to program, user
friendly, much quicker, and informal to practice (Keller and Cebeci, 1972).
Nowadays, many researchers utilized Keller box scheme successfully such as Ishak
et al. (2008), Deswita et al. (2010), Anwar et al. (2017), and Ullah et al. (2019). The
detail of Keller-box scheme is explained in Appendix A. Readers can refers to Cebeci
and Bradshaw (2012) for complete algorithm of this scheme. This method consists
following steps:
1. Convert nonlinear ODE’s to first order ODE’s.
2. Construct transformation equations by means of central differences.
3. Apply the Newton method and expressed the results into matrices.
4. Employ the block tridiagonal method.




This thesis comprises eight chapters. It begins with introductory chapter which con-
sists of research background, important definitions and concepts, scope and moti-
vation, problem statement, objectives, significance, methodology of this research,
Keller-box method and Matlab implementation. Chapter 2 presents review on rel-
evant literature in particular problems regarding energy and mass exchange bound-
ary layer flow of non-Newtonian nanofluid over linear, as well as nonlinear inclined
stretching surface. Chapter 3 is concerned with governing equations of two dimen-
sional energy and mass exchange nanofluid as well as micropolar and Casson fluid
boundary layer flow. Further, this chapter discusses boundary layer flow of micropo-
lar nanofluid on linear inclined stretching geometry.
For boundary layer flow of micropolar nanofluid, Keller-box scheme is utilized to
obtain numerical solution for all field equations of momentum, microrotation, en-
ergy and concentration. Results for the embedded flow parameters including Brow-
nian motion constraint (Nb), thermophoresis factor (Nt), material factor (K), Hart-
mann number (M), Prandtl number (Pr), local Grashof number (Gr), Lewis number
(Le), local modified Grashof number (Gc), inclination factor (γ) in terms of −φ ′(0),
−θ ′(0), C f x(0), velocity profile f ′(η), microrotation profile h(η), temperature θ(η)
and concentration φ(η) profiles are exhibited in tables and graphical forms. The fea-
tures of flow characteristics are analyzed and discussed for material parameter K.
The case when m0 = 0 is considered which represents the concentrated nanoparticles
flow in which the micro-elements close to the wall surface are unable to rotate (Jena
and Mathur, 1981). The complete Matlab program for first problem is presented in
Appendix A.
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Flow on permeable linear inclined geometry with combined effects of chemical re-
action and heat generation or absorption are considered in Chapter 4. This chapter
contains similar flow parameters as considered in Chapter 3 except for the effects of
suction or injection, chemical reaction, heat generation or absorption factors. The
core aim of this chapter is to investigate flow characteristics over permeable inclined
extending surface.
In Chapter 5, the boundary layer flow of micropolar nanofluid over inclined power
law stretching surface is discussed. In this problem, the surface is stretched by
power law velocity. Further, in this Chapter Rosseland approximation on microp-
olar nanofluid flow is constructed by incorporating convective boundary conditions.
This problem extends the previous study presented in this Chapter for constant wall
temperature, introduces Biot number and radiations factor N. The novel aspect of
this problem is to focus on the conjugate effects of energy and mass transport be-
tween three temperature differences Tf > Tw > T∞ with variable wall temperature.
The current study reduces to the problem considered in Chapter 6 when N = 0 and
γ1→ ∞.
Chapter 6 is concerned with the flow of Casson nanofluid for linear inclined geometry
by incorporating magnetic effect. For numerical simulation of this problem, once
again Keller-box scheme is applied. In this chapter, the impacts of Casson factor β
on −θ ′(0) and −φ ′(0) is presented in tables and graphical form.
Further, Chapter 7 extends Chapter 6 problem by adding radiations effect in the orig-
inal problem. Its surface is also stretched with the power law velocity. Chapter 8





This chapter reviews literature on various problems related to the thesis. Section 2.2
focuses on boundary layer flow over a linear inclined stretching surface. Section 2.3
investigates the boundary layer flow over permeable inclined stretching surface. Sec-
tion 2.4 focuses on boundary layer flow over power law inclined stretching surface.
Finally Section 2.6 presented literature with convective boundary conditions.
2.2 Boundary Layer Flow Over a Linear Inclined Stretching Surface
Over the past few years, scholars have set extraordinary consideration on the flows
towards a linear stretching slanted geometry because of its uses. Earlier study such
as Mucoglu and Chen (1979) discusses the bouncy effects on the heat transfer fea-
tures of laminar forced convection flow towards a slanted surface and concluded the
numerical results against Prandtl numbers 0.7 and 7. They considered the angle of
inclination fluctuating from 0 to 900 with the perpendicular direction. Later, Chen
et al. (1986) have made an analysis of natural convection boundary layer over verti-
cal, inclined and horizontal inclined plates. Moreover, they considered surface heat
flux and wall temperature in power form of axial coordinate. In their study they dis-
cussed the heat exchange effect on the flow that may have potential to be extended
for mass transfer effect.
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Further, new formulation for laminar flow on isothermal slanted plate based on a
proper inclination factor was conducted by Yu and Lin (1988). They made this for-
mulation in particular for liquids with Prandtle number range between 0.001 to in-
finity. This work can be further refined by discussing the mass transfer effect. Lee
et al. (1992) studied the vertex instability properties on natural convection flow over
a slanted plate which makes horizontal angle. They employed linear non-parallel
flow stability theory in this investigation. The results showed that increment in the
inclination factor made the flow more stable to the vertex mode of instability.
In more recent work, Chamkha and Khaled (2001) numerically studied the coupled
energy and mass exchange characteristics of electrically conducting Newtonian fluid
over an inclined surface. Both the wall concentration and temperature according to
power law model vary with the distance along the plate were used in this research.
Their investigation showed that the ratio of concentration to thermal buoyancies en-
hanced the heat and mass exchange rate, Such enhancement was due to the increment
in the absolute wall temperature. On the other hand, Ramesh et al. (2012) carried out
the investigation of momentum and heat exchange for the dusty fluid flow by incorpo-
rating magnetic field and energy source. They considered the fluid and dust particles
in this research and revealed from the investigation that fluid particle interaction fac-
tor shows opposite effect in the case of dust and clean fluid velocities. From this
research, it is observed that the heat source improved the heat exchange rate. This
study is in particular for dusty fluid. In view of potential coupled energy and mass
exchange study in the industry, this work can be extended for the non-Newtonian
nanofluid flow over an inclined surface.
In addition, Suriyakumar and Devi (2015) carried out a numerical investigation using
copper water along with alumina water based nanofluids. They incorporated internal
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energy generation and suction effects. They observed similar effects of suction and
volume fraction on heat exchange rate. While in the case of velocity field for both
alumina water based nanofluid and copper water based nanofluids, opposite effect
can be seen for volume fraction. We can further improve this research by adding
some other relevant factors such as Brownian motion and thermophoretic impacts in
concentration equation.
Meanwhile, Rawi et al. (2017) investigated the g-jitter effects on nanofluid flow
inclined geometry. They performed this research for the unsteady flow of water
based nanofluid containing copper. They observed that the heat exchange rate was
higher for the silver-water nanofluid as compared to copper oxide and alumina-water
nanofluid. They utilized the Keller-box scheme in this examination with grid size
0.02. In addition, Afridi et al. (2017) discussed the viscous fluid flow over an in-
clined stretching sheet. They used compatible similarity transformation and then
utilized shooting technique for the numerical simulation. They also calculate the ex-
pression for Bejan number and entropy generation in nondimensional form. They
discussed the entropy generation per unit volume and revealed that the Bejan num-
ber shows inverse correspondence against thermal convective factor. This work was
carried out for the heat exchange analysis of viscous fluid which can be improved by
discussing the mass exchange characteristics.
Anjali Devi and Suriyakumar (2017) studied the Sakiadis and classical Blasius flow
towards a stretching inclined plate numerically. They considered two type of nanopar-
ticles alumina and copper in water base liquid. They carried out the study of hydro-
magnetic nanofluid flow over an inclined plate for the Blasius and Sakiadis flow.
They observed that the inclusion of nanoparticles in the base liquid upsurges the en-
ergy exchange rate for both cases. In addition, they concluded that for copper water
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nanofluid, skin friction improves for the Blasius flow as compared to alumina-water
nanofluid. But opposite trend was seen in the case of Sakiadis flow.
Recently, Saeed et al. (2019) probed the nanofluid flow over a slanted disk by in-
corporating Casson effect. They scrutinized Brownian motion and thermophoresis
effects on energy and mass transport in this work. They observed that heat exchange
rate increases on increasing the radiation factor. In addition, Tlili (2019) discussed
the Jeffery fluid flow over an inclined stretching sheet. This study was carried out in a
microgravity environment and the investigation showed how gravity modulation and
Deborah number affected the energy transport. He found that the Deborah number
shows direct correspondence versus energy exchange coefficient. This research can
be explored for two dimensional steady flow of nanofluid on slanted geometry. Re-
cently, Fatunmbi and Okoya (2020) studied energy transport of micropolar fluid flow
over a stretching sheet. They considered prescribed heat flux (PHF) and prescribed
surface temperature (PST). They found that heat exchange rate declines for increase
in material parameter. Further, Imtiaz et al. (2020) investigated flow behavior of
viscous fluid over stretching sheet. They used Homotopy analysis method for con-
vergence series solution. In latest paper, Khan et al. (2020) considered Buongiorno
model for examined the flow behavior of nanofluid. They utilized appropriate sim-
ilarity transformations for non-dimensionality, and discussed the Brownian motion
thermophoresis effects on physical quantities via Homotopy analysis method.
From earlier presented literature review, it is revealed that no work has investigated
the energy and mass transport of micropolar as well as Casson nanofluid flow over an
inclined stretching surface.
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2.3 Boundary Layer Flow Over a Permeable Inclined Stretching Surface
This Section presented literature review for permeable linear inclined stretching sur-
face by incorporating heat generation or absorption with suction or injection effect.
Chen (2004) calculated the energy and mass exchange of magnetohydrodynamic
(MHD) natural convective flow by considering the ohmic heating and viscous dis-
sipation effect. He observed that energy and mass exchange rates rise as compared to
impermeable surface in the presence of suction effect while the opposite impact had
been seen in the case of injection since momentum transport declines near the wall.
This work expressed the energy and mass transport for the electrically conducting
Newtonian liquid flow. In view of growing applications of energy and mass transport
in industry, this work can be extended for non-Newtonian nanofluid over an inclined
surface. The investigation of two dimensional MHD mixed convection flow towards
a porous inclined surface was examined by Alam et al. (2008). In this research, they
considered thermal radiations factor as well as thermophoresis effect and variable
suction. They focused on energy and mass transport of the viscous liquid flow by
assuming that thermophysical processes experienced by relatively small number of
particles do not affect the main stream velocity and temperature field since the mass
flux of the particles is sufficiently small and the fluid is taken to be gray.
From the investigation of this work, it is observed that the inclination put restric-
tions on the energy and exchange rates. Another reason behind this behavior is the
buoyancy effect. In addition, Rahman et al. (2010) discussed convective flow of mi-
cropolar fluid over an inclined porous plate by incorporating the uniform heat flux.
They studied heat transport of viscous micropolar fluid numerically and observed that
when thermal conductivity and viscosity depend on temperature for realistic result,
Prandtl number must be treated as a variable. However, in this work, analysis was
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conducted for energy transfer. This research can be explored for both energy and
mass transportation for micropolar nanofluid flow.
Later, Uddin (2011) examined flow of micropolar fluid by incorporating heat gener-
ation or absorption. He applied shooting method for numerical analysis and revealed
that energy exchange amount is developed in highly concentrated micropolar fluid
as compared to weakly concentrated micropolar fluid. His results showed that the
increment in vertex viscosity declines skin friction coefficient and improves the plat
couple stress.
Das et al. (2015) investigated MHD mixed convection flow through porous inclined
sheet. They follow the work of Chen (2004) and considered both aiding and op-
posing buoyancy conditions. In this study, they observed how the buoyancy effect
have made an impact on the ratio of energy and mass exchange. They utilized the
shooting method for numerical results in this study. Sandeep and Kumar (2016) ex-
amined the MHD nanofluid flow over a porous inclined extending surface by taking
radiation, non-uniform heat source or sink and chemical reaction into account. In
this research, they incorporated the mixture of Cu-water nanfluid with dust parti-
cles. They observed that the interaction of Cu-water nanofluid with dust particle had
showed higher heat transfer rate. In addition, the chemical reaction plays a key role
in the enhancement of mass transfer rate of dusty nanofluid.
Usman et al. (2018) examined the Casson nanofluid flow over a porous inclined cylin-
drical geometry. In this study, they mostly emphasized on velocity and thermal slip
effects on heat and mass exchange rates. They observed that thermophoretic im-
pacts shows direct relation with the mass exchange rate. This study was in cylindri-
cal geometry, and have potential for extension to the inclined surface setting. Cur-
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rently, Kebede et al. (2020) discussed energy and mass exchange phenomenon of
Williamson nanofluid towards permeable stretching geometry. They utilized Buon-
giorno model for unsteady case. They found Williamson parameter declined veloc-
ity field. Further, energy species transfer of nanofluid by incorporating Buongiorno
model was examined by Sudarsana Reddy and Sreedevi (2020). They considered
both steady and unsteady cases with the effect of double stratification.
In view of the literature, there is no study on flow of micropolar nanofluid towards
permeable linear slanted stretching surface. Therefore, there is a potential to study
micropolar nanofluid flow through permeable linear slanted stretching surface that is
among the intention in this thesis.
2.4 Boundary Layer Flow Over a Power Law Inclined Stretching Surface
Sections 2.2 and 2.3 all discussion limited in linear inclined stretching surface. Mov-
ing forward, this section is prepared in particular for the flow over a power law
inclined stretching surface.The flow over nonlinearly stretchable geometry was ini-
tially conducted by Chiam (1995). He performed this study for Newtonian fluid, but
only consider momentum equation along with continuity equation. He utilized the
Crocco’s transformation for skin friction factor.
Later, Vajravelu (2001) examined the flow behavior and energy transport character-
istics of a viscous liquid over a power law extending sheet. He observed that energy
each time move from an extending surface towards the liquid by applying shoot-
ing scheme along with fourth order Runge-Kutta technique in numerical investiga-
tion. Cortell (2007) premeditated the viscous flow and heat transfer over a nonlin-
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early stretching sheet. He provided numerical outcomes using shooting method with
Runge-Kutta algorithm. He illustrated that both vertical and horizontal components
of dimensionless velocity decreases with the increase in value of nonlinear stretching
parameter.
Meanwhile, Shit and Majee (2014) initially carried out the investigation of viscous
liquid flow by taking inclined geometry into account. In this analysis, they assumed
that the viscosity depends on temperature. They observed that problem reduced to
the hydrodynamic boundary layer flow towards stretching surface for a special case
whose results found by Crane (1970). Further, observed that heat exchange rate had
shown dual characteristic because of critical value of heat generation or absorption.
This numerical analysis was done via finite difference scheme.
Further, Bohra and Jain (2017) probed three dimensional boundary layer flow of in-
compressible fluid over an inclined nonlinear enlarging sheet. The effects of convec-
tive boundaries and chemical reaction are incorporated in this problem. They em-
ployed suitable similarity transformation to recover the coupled nonlinear ordinary
differential equations and shared numerical outcomes via shooting method. Results
showed that nonlinear stretching parameter showed inverse relation with velocity pro-
file. However this work failed to consider two dimensional fluid flow, where we can
extend this study for inclined geometry. According to Khan et al. (2018), the goal of
their research was to probe the influence of viscosity ratio factor on the heat exchange
of Carreau fluid flow. In this work, momentum and energy equations are taken in to
account. In this research, non-Newtonian fluid was used because of its practical ap-
plications. They found multiple and dual solution by using the shooting technique.
They observed that the viscosity ratio parameter showed different impact on the wall
shear stress for the first and second solution. This research was conducted over a
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shrinking inclined sheet which can be extended for the stretching inclined surface for
heat and transport mechanism for non-Newtonian nanofluid.
Recently, Ghadikolaei et al. (2018) investigated energy and mass exchange of non-
fluid flow for the inclined geometry numerically. Results showed that the energy
transport rate had been increased more significantly on the nonlinear stretching sur-
face as compared to the linear in manifestation of chemical reaction. They also ob-
served that thermophoresis was helpful to increases the heat exchange rate. How-
ever, this work does not explain the micro-rotation effects on the flow field of the
nanofluid, therefore it can be extended for the micropolar type nanofluid flow. Lat-
est paper on heat and species exchange phenomenon of micropolar fluid flow over
nonlinear stretching surface discussed by Reddy and Ferdows (2020). They found
numerical simulation via Runge-Kutta integration technique. Recently, Mondal and
Pal (2020) examined nanofluid flow over nonlinear stretching sheet by incorporat-
ing variable viscosity. There is a potential to extend foe inclined geometry. From
above cited work, very limited literature is available on the boundary layer flow over
power law slanted stretching surface. Thus, we take it as a new problem in this thesis.
Now, we are going to draw a light on the literature review of boundary layer flow by
incorporating convective boundary conditions in the next section.
2.5 Boundary Layer Flow with Convective Boundary condition
This section contains literature review on convective boundary conditions. Singh and
Makinde (2012) examined the boundary layer flow over an inclined plate with ex-
ponentially decaying heat source. They followed the work of Chamkha and Khaled
(2001) and perceived that normally, skin friction and magnetic effect behave inversely
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although in the case of Newtonian heating, its behavior is opposite. They convert the
partial differential equations into ordinary differential equations by using appropriate
similarity transformations, then utilized shooting technique for numerical investiga-
tion. They carried out this study for incompressible viscous fluid by considering mo-
mentum and energy equation, thus it can be extended for heat and species transport
of naofluid flow for inclined geometry.
Jain and Chaudhary (2013) succeeded in investigating the exact solution of unsteady
free convection boundary layer flow over an inclined plate. In this study, they consid-
ered the inclined plate that is oscillating and studied the heat and mass exchange rates.
They applied Laplace transformation for analytical solution of the problem, however,
the lack of numerical investigation of this study exist. Their results revealed, that
Newtonian heat effects help out the heat exchange rate, while opposite impact can
be seen against time. This study can be extended for the mass transfer analysis of
nanofluid fluid flow on a non-oscillating slanted plate.
Meanwhile, Ashraf et al. (2015) examined flow of Maxwell fluid for slanted sheet
incorporating convective boundary conditions. They carried out three dimensional
Maxwell fluid in this study which lack of non-Newtonian nanofluid flow with con-
vective boundary conditions. The authors applied compatible similarity transforma-
tion on boundary layer flow equations and recovered nonlinear ordinary differential
equations together with its similarity solution. Thermophoresis factor also taken into
account. It was observed that the stretching ratio and inclination show similar impact
on the rate of heat exchange i.e. stretching ratio and inclination are favorable for the
heat exchange rate.
Further, Seth et al. (2016) studied convective boundaries effect on inclined stretch-
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ing sheet. They analyzed the heat exchange behavior of non-Newtonian nanofluid
(viscoelastic nanofluid) due to the boundary convection condition. They used finite
element technique for numerical solution and concluded that velocity profile declines
with the increase in inclination. Ramesh et al. (2016) investigated boundary layer
flow on an inclined plate with convective boundaries. They explored the work of
Ishak et al. (2011) by incorporating the influence of inclination. The heat exchange
analysis was conducted for both cases when the inclined plate is stationary and also
moving. They observed that when velocity ratio factor is equal to zero, the problem
went into stationary plate (Blasius flow) while when velocity ratio equal to one, it
converts to moving plate (Sakiadis flow). However, they only considered cold in-
compressible fluid over an inclined plate, in which this work can be extended to mass
transport analysis with nanofluid towards stretching inclined surface.
Moreover, unsteady nanofluid flow over an inclined streching sheet has been done by
Rashad (2017). He extended the work of Chamkha (2000) by considering nanofluid
with the effect of convective boundaries. He employed the finite scheme in this work
for numerical investigation. He observed that convective boundary helps to enhance
the heat exchange rate. This work demonstrated three dimensional flow of nanofluid
flow over inclined surface. We can further extend this work for steady non-Newtonian
nanofluid two dimensional flow over an inclined surface. Khan et al. (2017) scruti-
nized the Carreau fluid flow on a slanted stretchable cylinder. They examined the
effects of convective boundaries and Joule heating numerically. They studied Car-
reau nanofluid flow for cylindrical geometry while it can be examined for the non-
Newtonian nanfluid fluid for inclined geometry. Ibrahim and Gamachu (2020) dis-
cussed convective boundary condition effects on dusty nanofluid flow. They applied
bvp5c Matlab program for numerical outcomes and analyzed energy transport behav-
ior.
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By the above mentioned literature review, To date, no study conducted on flow of mi-
cropolar type nanofluid for slanted surface by incorporating the effects of convective
boundary conditions. Therefore, in this thesis, we aim to develop mathematical equa-
tions for energy and mass transport against inclined surface with convective boundary
conditions.
This chapter highlighted available literature on Newtonian and non-Newtonian fluids
flow for inclined geometry. In the following chapters, the boundary layer equations




MICROPOLAR NANOFLUID BOUNDARY LAYER FLOW
OVER A LINEAR INCLINED STRETCHING SURFACE
3.1 Introduction
In present chapter, the MHD effect on flow of micropolar nanofluid on linear slanted
stretching geometry is discussed. A parametric study by incorporating γ∗ (spin gra-
dient viscosity) is carried out by considering the effects of angular microrotations
N∗. The novel aspect of current study is the investigation of micropolar nanofluid for
slanted geometry. The numerical outcomes of current results show a good agreement
with Khan and Pop (2010) in the absence of Hartmann number M, material param-
eter K local Grashof number Gr, local modified Grashof number Gc and inclination
factor γ . This chapter divided in the following Sections. Section 3.2 prepared for for-
mulation of MHD flow over an inclined surface. Section 3.3 contains the governing
equations of first problem. Section 3.4, expressed the numerical procedure. Section
3.5 presented the results and discussion.
3.2 Mathematical Formulation
This section focuses on governing equations utilized in this thesis. The current model
contains Brownian motion and thermophoresis effects as proposed by Buongiorno
(2006). The concept of Pfautsch (2008) uses in the modeling of governing equations
for control volume of the nanofluid. The layout of the formulation of governing
equations consists on the following Sub-sections: Sub-section 3.2.1 is prepared for
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mass equation. Sub-section 3.2.2 manages equation of momentum. Sub-section 3.2.3
contains conservation of energy. Sub-section 3.2.4 is expressed the non-dimensional
analysis. Momentum equations for micropolar liquid are exhibited in Sub-section
3.2.5. Momentum equation for Casson fluid is presented in Sub-section 3.2.6.
3.2.1 Conservation of Mass
The mass conservation principle states that the mass cannot be destroyed nor created
it should remain unchanged in a closed system with respect to time. The mass of
product and reactant during a chemical reaction in an isolated system conserved.
In view of (Pfautsch, 2008), consider a control volume (V ) displayed in Figure 3.1
where S1, ρ , dS1 and V denote the surface, nanofluid density, differential surface area
and velocity as well as n (outward normal).
Figure 3.1. Geometry of control volume.






here M(t), ρ , and Vm(t) signify the total mass, local density, control volume and R∗
means chemical reaction ratio and C∞ denotes ambient nanoparticle fraction respec-
tively. In view of Anwar (2013), jp demarcated as
jp = jP,T + jP,B. (3.2)
Here, the mass flux due to thermophoresis diffusions is denoted by jP,T and mass flux
due to Brownian motion signifies by jp. By applying Reynolds theorem, change in






















∇ · (ρV+ jp)dV −R∗(C−C∞). (3.4)
As ρ = Cρp +(1−C)ρb f denotes the nanofluid density where ρp stands for nano
particle density and ρb f denotes base fluid density (Buongiorno, 2006). Therefore, in

















∇ · jpdV −R∗(C−C∞). (3.6)
In view of Anwar (2013) (1−C)ρb f → ρ and for incompressible flow Equation (3.5)
becomes
∇ ·ρV+ρ ·∇V = 0, (3.7)
finally it will be converted to,
∇ ·V = 0, (3.8)
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∇ · jpdV −R∗(C−C∞). (3.10)
By following same assumption as for Equation (3.5), and using jp value above equa-
tion (3.10) can be converted into
∂C
∂ t













































3.2.2 Conservation of Momentum
Total momentum in an isolated system is remain same with respect to time termed
principle for conservation of momentum. By Newton’s second law of motion Ftotal =
m
′a, here Ftotal means sum of body forces and surface forces T. Moreover, body force
for this research is F =−ρgx+F1. Here, the buoyancy force which would act on the
inclined geometry as mentioned by Jaluria (1980) is given as gx = gcosγ , where γ
denotes inclination, a = dVdt means acceleration and m
′
signify object mass.













Since flow is driven due to the buoyancy effects arising from the density difference
caused by temperature and concentration difference, the density difference can be












Here, the effect of buoyancy forces will be expressed in the form of coefficient of
thermal expansion βt and coefficient of concentration expansion βc. As referred to
the explanation by Leal (1992) and Demuren and Grotjans (2009), this approximation
can be formulized as follows
ρ−ρ∞ =−ρ[βt(T −T∞)+βc(C−C∞)]. (3.15)


















































and can be written as
(∂ρV)
∂ t
+∇ · (ρVV) = divT+[ρg[βt(T −T∞)+βc(C−C∞)]cosγ +F1] . (3.20)
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+ρV ·∇V = divT+ρgβt(T −T∞)cosγ (3.21)
+ρgβc(C−C∞)cosγ +F1.







= divT+[ρg[βt(T −T∞)+βc(C−C∞)]cosγ +F1] . (3.22)
Here, T (Cauchy stress tensor) in view of (Abbas, 2009) can be expressed as
T =−pI+µA1, (3.23)
where, P denotes pressure, I represent identity tensor, µ means viscosity and A1
means first Rivlin-Ericksen tensor.













where J×B denotes the Lorentz force where B means total magnetic field i.e. sum
of applied magnetic field (B0) and the induced magnetic field (b). While ∇p is the
pressure gradient. B expressed as
B = B0 +b, (3.25)
and J (current density) in terms of Ohm’s law
J = σ(E +V×B), (3.26)
where σ denotes electrical conductivity of the nanofluid and E signifies polarization
due to electric charges. In this study, polarization effects are ignored i.e. E = 0 (Chen,
2008) therefore
J = σ(V×B). (3.27)
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Taking cross product with B on both sides, we get
J×B = σ(V×B)×B, (3.28)
and with the help of vector identity, we obtain
J×B = σ(V ·B)B− (B ·B)V. (3.29)
Following Afify (2009), it is assumed that the induced magnetic field b is negligible
and the magnetic field B taken normal to flow and hence we get
J×B =−σB02xm−1V. (3.30)













Putting ν = µ
ρ



























































































3.2.3 Conservation of Energy
If energy of an isolated system remain unchanged, i.e. energy can neither be de-
stroyed nor be created, termed principle of energy conservation. According to Pfautsch
(2008), Figure 3.2 is utilized for the equation of energy. The equation of energy by
Figure 3.2. Geometry of control volume.














where cp presents the nanoparticle specific heat, Q0 denotes heat generation or ab-
sorption factor, enthalpy of nanoparticle means hp and (ρc) f denotes heat capaci-
tance of regular liquid, q signify heat flux corresponds to velocity of nanofluid (Buon-















Here, k∗ is the mean absorption coefficient and σ∗ is the Stefan-Boltzmann constant.
By expanding T 4 in a Taylor series about T∞ and ignoring higher order terms, thus
T 4 ∼= 4T 3∞T −3T 4∞ . (3.37)
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By utilizing values of T 4 and qr Equation (3.35) converted in to
(ρc) f
[
V ·∇T + ∂T
∂ t
]









By applying divergence property, term ∇ ·hp jp becomes
∇ ·hp jp = hp∇ · jp + jp ·∇hp. (3.39)
inserting above expression into Equation (3.38), becomes
(ρc) f
[
V ·∇T + ∂T
∂ t
]









By replacing jp value Equation (3.40) converted into[































































































According to Bejan (2013), the aim behind scale analysis is to produce order of
magnitudes estimates for the quantities of concern represented by ” ∗ ” in the non-


























where L denotes characteristic length, U∞ represents reference velocity, T∞ (ambi-
ent temperature), 4T signifies temperature difference between the wall and the free
stream, C means volume fraction of the nanoparticles, 4C denotes concentration

















































Applying the above mentioned chain rule Equation (3.8) i.e. equation of continuity,
Equation (3.32) and (3.33) i.e. momentum equation, Equation (3.42) i.e. energy
equation and mass Equation (3.12) for steady two dimensional coordinates derived















































































































































































The objective of boundary layer scale analysis is to simplify the equations of conser-
vation laws. These equations can be simplified to get an approximate set of equations,
termed boundary layer equations. From Equations (3.43) to (3.47), since all involved
variables and derivatives are non-dimensional, the coefficients of all the terms must
be of the same order of magnitude (∼). With reference of Anwar (2013), by doing a
scale analysis on the boundary layer and by ignoring few terms without significantly
affecting the accuracy of solution. Hence, we apply the scaling
V ∗ ∼U∞,P∗ ∼ ρU2∞,Y ∗ ∼ L. (3.48)




































































































































where Re = U∞L
ν
is the Reynolds number. By considering V = νRe
1
2 and Y = yRe
1
2














































































































































Sharma and Deka (2012) studied that Reynolds number (Re) measures the ratio of
inertial forces to viscous forces and consequently quantifies the relative significance
of these two kinds of forces for given flow conditions. On account of high Reynolds
number, the viscous forces are small enough relative to the inertial forces but we can-
not ignore viscous impacts completely. Moreover, in such a condition, the Reynolds
number becomes asymptotically large and all terms in the above Equations involving
Reynolds number in the denominator tend to zero. Therefore, Equations (3.54) to




















































































dx . In boundary layer region, the pressure outside the boundary layer region







In view of Rawi (2018), d pdx = 0, hence
∂ p










+gβt(4T )T cosγ +gβc(4C)C cosγ−Mxm−1u. (3.65)
For linear stretching, in Equation (3.30), we can take J×B =−σB02V while for the
case of power stretching J×B =−σB02xm−1V.
3.2.5 Momentum Equations for Micropolar Fluid


































= ∇ ·C+X× (∇ ·T)+Tx +X×F. (3.67)







= X× (∇ ·T)+X×F. (3.68)
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applying vector property, above equation converted in to
DV
Dt
ρ = F+∇ ·T. (3.69)
In tensor form it becomes
tkl,k + fk−ρν .k = 0, (3.70)





































νk,ll + kνεklmυm,l + fk−ρν .k = 0, (3.73)


































where F =−ρgcosγ +J×B, kν = k1∗, π = p and µν = µ .





















= ∇ ·C+Tx. (3.77)
In view of Anwar (2013), for I j
∗





= Tx +∇ ·C. (3.78)
In tensor form it takes the form
mrk,r + εklrtlr−ρ j∗υ .k = o, (3.79)
where 2υ .k =
Dω
Dt , mrk,r = ∇ ·C, εklrtlr = Tx. The couple stress tensor in the case of
micropolar fluid can de defined as Eringen (1966)







where γν , βν , αν denotes the coefficients of viscosity. By following (Anwar, 2013)
Equation (3.69) converted in to(
αν +βν
)
υr,kr + γνυk,rr + kνεklmνm,l−2kνυk−ρ j∗υ .k = 0. (3.81)











here υ = N∗. In view of Guohua (1999) in the case of two dimensional, compressible
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fluid (αν +βν) will be vanish. Finally, above equation becomes
γν∇





















∂ zk and N
∗,k∗1, j
∗,γ∗ are the
microrotation or angular velocity, vertex viscosity, the gyration factor of the liquid















































For the steady flow, the dimensional form of Equations (3.76) and (3.84) in two di-









































































































































For linear stretching in Equation (3.75), we can take J×B=−σB02V whereas versus
power stretching J×B =−σB02xm−1V.
3.2.6 Momentum Equation for Casson Fluid
As referenced from Nakamura and Sawada (1988) and Animasaun (2015), the rheologicalyequation
















ei jΠ < Πc
 (3.91)

















is parameter of the Casson
fluid, Πc is the critical value of the product of the rate of strain tensor with itself.
In case of Casson fluid flow (Animasaun et al., 2016) where Π > Πc, it is possible
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that











Here, dynamic viscosity of Casson fluid is denoted by µB. See Animasaun et al.












































Considering ν = µ
ρ






































































































The procedure as discussed in Sub-Section 3.2.4 is also applicable for the momentum





















For linear stretching, in Equation (3.30), we can take J×B = −σB02V. While for
the case of power stretching, J×B =−σB02xm−1V.
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3.3 Governing Equations of the Micropolar Nanofluid Flow over a Linear in-
clined Stretching Surface
An incompressible steady micropolar nanofluid flow generated by linearly stretching
inclined surface is studied. The inclination of stretching surface is γ with vertical
direction. Further, an applied transverse magnetic field acts perpendicular to the sur-
face. Due to small Reynolds number, electric as well as magnetic field impacts are
negligible (Mishra et al., 2016). The micropolar and nanoparticles are uniformly
dispersed in the base liquid. In addition, particles gyrate in liquid field and results
for spinning impacts in micropolar nanofluid. Moreover, Brownian motion and ther-
mophoretic influences are incorporated. In addition, the constant values of temper-
ature and concentration at wall are Tw and Cw, while at y→ ∞, the temperature and
mass fractions are T∞ and C∞, see in Figure 3.3.
Figure 3.3. Physical geometry of the study.
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From Section 3.2, the governing boundary layer equations which are based on the
balance laws of momentum, angular microrotation, energy and mass for the present
analysis are expressed as (see Equations 3.59, 3.62 (when Q0 = σ∗ = 0), 3.63 (when

































































































where v, u stands for velocity factors against y and x directions, g means gravitational
acceleration, B0 stands for magnetic field strength, electrical conductivity presented
by σ , µ stands for viscosity, k1∗ signifies vortex viscosity, βt means thermal expan-
sion, concentration expansion presented by βc, γ∗ represents gyration viscosity, j∗
means micro inertia factor, N∗ stands for microrotation, DB is Brownian motion dis-
persion constraint, DT means thermophoresis dispersion amount, k stands for thermal
conductivity, and heat capacity for nanoparticles represented as (ρc)p, (ρc) f . More-





The subjected boundary settings are given by
u = uw = ax ,v = 0 ,T = Tw ,N∗ =−m0
∂u
∂y
,C =Cw at y = 0,
u→ u∞ = 0 ,v→ 0 ,T → T∞ ,N∗→ 0 ,C→C∞ as y→ ∞. (3.102)
In view of Anwar (2013), when m0 = 0 means microelements, adjacent the wall
surface are unable to revolve. where m0 is a constant and 0≤m0≤1.
3.3.1 Similarity Transformations
In this section, governing equations are reduced into nonlinear ordinary differential







where Equation (3.101) i.e. continuity equation is satisfied identically. The similarity
transformations are characterized as


















By using above equation, Equations (3.101) converted to the following nonlinear
ordinary differential equations:

















′′+ f θ ′+Nbθ ′φ ′+Ntθ ′2 = 0, (3.105)
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Here, primes means the differentiation concerning η , Grx denotes the local Grashof
number, the local modified Grashof number is expressed by Gcx, M stands for mag-
netic factor, Pr means Prandtl number, Le stands for Lewis number, K signifies di-
mensionless vertex thickness, where Nb is the Brownian motion parameter and Nt
is the thermophoresis parameter. It is worth mentioning here that to achieve true sim-
ilarity solution, Grx and Gcx must be constant and free from x. This condition can
be achieved if thermal and concentration expansion coefficients βt and βc are pro-
portional to x1. Thus, from Makinde and Olanrewaju (2010), Olanrewaju and Hayat
(2014), Ilias et al. (2016), we assume that
βt = nx1,βc = n1x1, (3.107)
where n and n1 are constants. By substituting Equation (3.135) into the parameters









The corresponding boundary conditions are transformed to
f (η) = 0, f ′ (η) = 1, h(η) = 0,φ (η) = 1,θ (η) = 1 at η = 0,
f ′ (η)→ 0, h(η)→ 0,φ (η)→ 0,θ (η)→ 0 at η → ∞. (3.109)
It is observed that for K = 0, the model consideration is reduced to nanofluid model.
The physical quantities including C f (skin friction), Sherwood number i.e. Sh and
















∗, qm = − DB ∂C∂y , qw = − k
∂T
∂y , at y = 0 are the
shearstress, mass and energy rates. The final forms for (Skin friction coefficient)
C f x (0) = (1+K) f ′′ (0), −φ ′ (0) (local Sherwood number) and −θ ′ (0) (local Nus-
selt number) are defined as
C f x (0) = C f
√
Rex,−φ ′ (0) =
Sh√
Rex






denotes local Reynold’s number.
3.4 Numerical Procedure
The Keller-box scheme used for the numerical results of this problem. This scheme is
considered as it is very friendly and highly accurate in performing numerical analysis
for different flow problems (Keller and Cebeci, 1972). Besides, this method allows
easy programming for the coupled highly nonlinear PDE’s (Cebeci and Bradshaw,
2012). The complete numerical scheme for this problem is given in Appendix A.
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3.5 Results and Discussion
The numerical results of ordinary differential equations (3.105) against boundary
conditions (3.109) are obtained via Keller-box scheme. The Matlab program along
with initial guess for this study is presented in Appendix A. Numerical outcomes
versus physical factors including (local Grashof number) Gr, Nb (Brownian mo-
tion constraint), thermophoresis constraint Nt, local modified Grashof number Gc,
M (magnetic factor), γ i.e. factor for inclination, Prandtl number i.e. Pr, material
parameter K, and Lewis number Le are presented through accompanied tables and
graphs. In Table 3.1, current results are reduced to published literature of Khan and
Pop (2010) which authenticate the employed numerical scheme.
The effects of skin friction coefficient i.e. C f x(0), −θ ′(0) (reduced Nusselt number)
and reduced Sherwood number i.e. −φ ′(0) versus physical factors incorporated un-
der study are shown in Table 3.2. The consequences showed −θ ′(0) diminishes
against factors Le,γ,Nb,M,Nt and increases versus growth of K,Gr,Gc, and Pr.
Moreover,−φ ′(0) enhances on improving the factors Gc,Nb,Gr,Nt,K,Le,Pr numer-
ically, while shows contrary behavior against M and γ . Further, C f x(0) exhibits direct
relation with parameters Le,Nb,K,M,γ and inverse relation with factors Nt,Gr,Gc
and Pr.
Table 3.1
Comparison of the local Nusselt number −θ ′(0) and the local Sherwood number
−φ ′(0) when M,K,Gr,Gc = 0 , Pr = Le = 10 and γ = 900.
Nb Nt Khan and Pop (2010) Present Results
−θ ′(0) −φ ′(0) −θ ′(0) −φ ′(0)
0.1 0.1 0.9524 2.1294 0.9524 2.1294
0.2 0.2 0.3654 2.5152 0.3654 2.5152
0.3 0.3 0.1355 2.6088 0.1355 2.6088
0.4 0.4 0.0495 2.6038 0.0495 2.6038
0.5 0.5 0.0179 2.5731 0.0179 2.5731
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Table 3.2
Variations of the local Nusselt number −θ ′(0), the local Sherwood number −φ ′(0)
and Skin-friction coefficient C f x(0).
Nb Nt Pr Le M K Gr Gc γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 450 1.1292 1.2066 1.1424
0.5 0.1 6.5 5.0 0.1 1.0 0.1 0.9 450 0.2322 1.6888 1.1988
0.1 0.5 6.5 5.0 0.1 1.0 0.1 0.9 450 0.5300 1.6542 0.9534
0.1 0.1 10.0 5.0 0.1 1.0 0.1 0.9 450 1.1754 1.2142 1.1390
0.1 0.1 6.5 10.0 0.1 1.0 0.1 0.9 450 1.0035 2.1626 1.2239
0.1 0.1 6.5 5.0 0.5 1.0 0.1 0.9 450 1.1166 1.1695 1.3872
0.1 0.1 6.5 5.0 0.1 3.0 0.1 0.9 450 1.1469 1.2606 1.6077
0.1 0.1 6.5 5.0 0.1 1.0 0.5 0.9 450 1.1329 1.2138 1.0510
0.1 0.1 6.5 5.0 0.1 1.0 0.1 2.0 450 1.1431 1.2376 0.8272
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 600 1.1254 1.1980 1.2268
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 900 1.1158 1.1758 1.4349
Figure 3.4 reveals effect of M on f ′(η), i.e. velocity profile. f ′(η) falls by im-
proving M numerically. It is true due to the fact that magnetic field yields Lorentz
force, which causes resistance in liquid speed. The similar outcome has been seen
for h(η) (angular velocity) versus M in Figure 3.5. In the same vein, contrary im-
pacts of M on θ(η) (temperature distribution) is displayed in Figure 3.6 and on φ(η)
(concentration profile) in Figure 3.7. In addition, Figure 3.8 exhibits f ′(η) upturns
by enhancing factor K because thickness of boundary enhances. Physically, this in-
crement in thickness shows that drag force declines in the boundary layer separation
with the effect of micropolar factor. In addition, similar behavior for angular velocity
profile can be seen for growth of K indicates in Figure 3.9. The reason behind higher
magnitudes of K shorten the boundary layer thickness. On the other hand Figures
3.10 and 3.11 show contrary results for various values of K. f ′(η) upsurges in Figure
3.12 by strengthening local Grashof number Gr.
Physically, enhancement in Gr declines the viscous effect which helps to liquid flow,
in result faster motion. While, similar result is seen for (local modified Grashof num-
ber) Gc on velocity distribution shown in Figure 3.13, because kinematic viscosity,
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concentration difference, and length affected factor Gc. In addition, viscosity and
velocity of the liquid are inversely connected with each other. Viscosity of the liquid
declines on improving factor Gc whereas concentration enhance in result velocity
profile upturns. Finally, Gc shows direct relation with f ′(η). Figure 3.14 portrays
consequence of inclination factor γ on f ′(η). Which shows that f ′(η) diminishes
with the increment in factor γ . The fact behind circumstance is that when γ = 0, the
gravitational force will be very high. While, against γ = 900 the velocity contour
decreases because of the weaker buoyancy forces. On the other side, opposite result
discovered in Figures 3.15 and 3.16 on increasing inclination factor γ in the instance
of θ(η) and φ(η) sketches.
Figure 3.4. Variations in velocity profile for several values of M.
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Figure 3.5. Variations in angular velocity for several values of M.
Figure 3.6. Variations in temperature profile for several values of M.
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Figure 3.7. Variations in concentration profile for several values of M.
Figure 3.8. Variations in velocity profile for several values of K.
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Figure 3.9. Variations in angular velocity for several values of K.
Figure 3.10. Variations in temperature profile for several values of K.
62
Figure 3.11. Variations in concentration profile for several values of K.
Figure 3.12. Variations in velocity profile for several values of Gr.
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Figure 3.13. Variations in velocity profile for several values of Gc.
Figure 3.14. Variations in velocity profile for several values of γ .
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Figure 3.15. Variations in temperature profile for several values of γ .
Figure 3.16. Variations in concentration profile for several values of γ .
65
Figure 3.17. Variations in temperature profile for several values of Nb.
Figure 3.18. Variations in concentration profile for several values of Nb.
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Figure 3.19. Variations in temperature profile for several values of Nt.
Figures 3.17 and 3.18 display the effect of Brownian movement on θ(η) and φ(η)
respectively. θ(η) enhances on improving Nb, while, φ(η) exhibits inverse behavior.
Physically, Brownian motion warms the boundary layer thus nanoparticles shift from
the stretching surface towards motionless liquid, thus the concentration of nanopar-
ticles decline. Figures 3.19 and 3.20 display θ(η) and φ(η) versus various values
of thermophoresis parameters Nt. It is exhibited that θ(η) and φ(η) enhance by
increasing Nt. Thermophoresis support to warm boundary layer for different nu-
meric of Prandtl number and Lewis number. Moreover, the amount of energy and
species exchange reduce with increase of (thermophoresis constraint) Nt. Figure 3.21
presents that on increasing Prandtl number factor Pr numerically θ(η) diminishes,
because thermal boundary layer viscosity decreases by growing Pr. Physically, an
increment in Pr portrays slow the amount of thermal distribution.
Figure 3.22 shows influence of Le on φ(η). The boundary layer viscosity lessening
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Figure 3.20. Variations in concentration profile for several values of Nt.
on increasing numerical values of Le. Equation (3.105) indicates that the factors
Nb,Nt,γ, and K influences −θ ′(η) and −φ ′(η). Therefore, the behavior of heat
and mass exchange rates are presented in Figures 3.23 to 3.30 for altered values of
Nb,Nt,γ, and K. Figures 3.23 and 3.24 establish that the energy and mass transport
rates diminish versus γ and Nb. Physically, the buoyancy force effect decreases with
the increase in inclination by the factor cosγ because the surface will be vertical at
γ = 0. Further, −θ ′(η) and −φ ′(η) versus Nt show an inverse behavior with the
improving magnitudes of γ and recovered the result of Chen (2004) (see Figures 3.25
and 3.26). In the same vein, Figures 3.27 and 3.28 present the energy and mass
transport rates versus Nb by increasing K. It is perceived that energy and mass fluxes
enhances with increment in Nb and K which show similar behavior as Uddin (2011).
Moreover, the same result recovered from the Figures 3.29 and 3.30 against Nt for
higher values of K.
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Figure 3.21. Variations in temperature profile for several values of Pr.
Figure 3.22. Variations in concentration profile for several values of Le.
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Figure 3.23. −θ ′(0) against Nb for several values of γ .
Figure 3.24. −φ ′(0) against Nb for several values of γ .
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Figure 3.25. −θ ′(0) against Nt for several values of γ .
Figure 3.26. −φ ′(0) against Nt for several values of γ .
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Figure 3.27. −θ ′(η) against Nb for several values of K.
Figure 3.28. −φ ′(η) against Nb for several values of K.
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Figure 3.29. −θ ′(η) against Nt for several values of K.
Figure 3.30. −φ ′(η) against Nt for several values of K.
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3.6 Conclusions
In this chapter, mathematical model for micropolar nanofluid and Casson nanofluid
flow over an inclined surface has been developed. In addition, first problem of thesis
for linear inclined geometry has been considered. The flow equations are converted
in to a system of coupled differential equations. These converted equations are then
by well known numerical method i.e. Keller-box method. The recovered outcomes
are confirmed with already published work and established to be a good settlement.
Our conclusions from this investigation are presented as:
1. −θ ′(0) and −φ ′(0) decrease but C f x(0) increases with increment in inclination
factor.
2. −θ ′(0) decreases with increase of Nb and Nt whereas −φ ′(0) increases with
increase of Nb and Nt.
3. −θ ′(0) and −φ ′(0) decrease but C f x(0) increases with by increasing magnetic
parameter.
4. −θ ′(0) and −φ ′(0) increase by improving material parameter (K).
After presenting the derivation of governing equations and the boundary layer flow
for linear inclined geometry in this chapter, we are moving to the next chapter which
encloses numerical solution of boundary layer flow for permeable inclined geometry.
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CHAPTER FOUR
MICROPOLAR NANOFLUID BOUNDARY LAYER FLOW
OVER A LINEAR PERMEABLE INCLINED STRETCHING
SURFACE
4.1 Introduction
In the continuation of non-Newtonian nanofluid studies, the chemical reaction and
heat generation or absorption effects on boundary layer flow of a micropolar nanofluid
over a permeable inclined geometry are considered in this chapter. In this problem,
the incorporated flow factors are chemical reaction, heat generation (or absorption)
and suction (or injection). Note that this study focus particularly on investigation
of flow characteristics over a linear permeable inclined stretching surface. The im-
pacts of involved parameters including suction or injection S, chemical reaction (R)
and heat generation or absorption (λ1) are investigated. The numerical outcomes of
current study are verified with Khan and Pop (2010).
4.2 Governing Equations
Two dimensional steady incompressible flow of micropolar type nanofluid on a per-
meable slanted linear stretching surface by incorporating chemical reaction effect is
considered. The influence of heat generation or absorption over micropolar nanofluid
flow is taken into account. While transverse magnetic field is applied normal to the
inclined surface as shown in Figure 3.3.
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The governing equations for this study are as follows (see Equations 3.59, 3.62 (when



































































































The boundary settings are
u = uw(x) = ax ,v = vw ,T = Tw ,N∗ =−m0
∂u
∂y
,C =Cw at y = 0,
u→ u∞(x) = 0 ,v→ 0 ,T → T∞ N∗→ 0 ,C→C∞ as y→ ∞, (4.2)
in which vw < 0 shows the injection or blowing velocities whereas vw > 0, corre-
sponds to a suction velocity (Arifin et al., 2011).
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4.2.1 Similarity Transformations
By applying similarity transformations as expressed in Equation (3.104), Equation
(4.1) reduces to
























is the heat generation (λ1 > 0) or heat absorption (λ1 < 0) param-
eter, LeR = LeR where R =
4CR∗
a is the chemical reaction rate parameter and the
other involved flow parameters are the same as defined in Chapter 3. The respective
boundary conditions in (4.2) are transformed into
f (η) = S, f ′ (η) = 1, h(η) = 0,θ (η) = 1,φ (η) = 1 at η = 0,
f ′ (η)→ 0, h(η)→ 0,θ (η)→ 0,φ (η)→ 0 at η → ∞, (4.4)
where S = −vw√av is the suction (S > 0) or injection (S < 0) parameter (Rosca et al.,
2012). The associated expressions of the concern physical quantities such as Skin-
friction coefficient C f x (0) = (1+K) f ′′ (0), the local Nusselt number −θ ′ (0) and
the local Sherwood number −φ ′ (0) are defined similar as expressed in the previous
problem.
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4.3 Results and Discussion
This part presented numerical outcomes of Equation (4.3) recovered by utilizing
Equation (4.4) and there influences on physical quantities. For numerical simulation,
similar steps are followed as explained for the previous problem in Appendix A. Fur-
ther, for numerical result of physical factors of our concern including thermophoresis
constraint Nt, magnetic factor M, local Grashof number Gr, local modified Grashof
number Gc, Brownian motion constraint Nb, inclination factor γ , Prandtl number
Pr, Lewis number Le, heat generation or absorption parameter λ1, chemical reac-
tion parameter R, suction or injection parameter i.e S, and material constraint i.e. K,
several figures and table 4.1 are presented. The contrast of present results (when
M,K,Gr,Gc,λ1,S,R = 0, Pr = Le = 10 and γ = 900), for local Nusselt number
i.e. −θ ′(0) and local Sherwood number i.e. −φ ′(0) through outcomes recovered by
Khan and Pop (2010) (see Table 3.1) established a good agreement.
Table 4.1
Variations of −θ ′(0), −φ ′(0) and C f x(0).
Nb Nt Pr Le M K Gr Gc λ1 S R γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.1 1.0 450 1.1123 2.9146 1.5227
0.5 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.1 1.0 450 0.0978 3.1368 1.5550
0.1 0.5 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.1 1.0 450 0.3667 4.5619 1.4355
0.1 0.1 10 5.0 0.5 1.0 0.1 0.9 0.1 0.1 1.0 450 1.1212 2.9771 1.5206
0.1 0.1 7.0 10 0.5 1.0 0.1 0.9 0.1 0.1 1.0 450 0.9984 4.5817 1.5818
0.1 0.1 7.0 5.0 1.5 1.0 0.1 0.9 0.1 0.1 1.0 450 1.0760 2.9014 2.0284
0.1 0.1 7.0 5.0 0.5 3.0 0.1 0.9 0.1 0.1 1.0 450 1.1457 2.9288 2.0779
0.1 0.1 7.0 5.0 0.5 1.0 1.0 0.9 0.1 0.1 1.0 450 1.1218 2.9175 1.3303
0.1 0.1 7.0 5.0 0.5 1.0 0.1 2.0 0.1 0.1 1.0 450 1.1237 2.9185 1.2989
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.5 0.1 1.0 450 0.3832 3.4477 1.5301
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.5 1.0 450 2.4776 3.0066 1.7661
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.0 1.0 450 0.8317 2.8251 1.4666
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 -0.5 1.0 450 0.0228 1.8648 1.2083
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 0.1 0.5 2.0 450 1.0466 3.8926 1.5556
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 0.1 0.5 1.0 600 1.1092 2.9136 1.5830
The effects of reduced Nusselt number −θ ′(0), reduced Sherwood number −φ ′(0)
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and skin friction coefficient C f x(0) against changed values of incorporated physical
constraints M,S,R,λ1,K,Gr,Gc,Pr,γ,Le,Nt and Nb are shown in Table 4.1. It is
noted that−θ ′(0) diminishes for increasing λ1,Nt,Le, R,Nb, γ,M as well as on de-
creasing of S and increased by enhancing the numerical values of K,Gr,Gc,Pr and
S. Moreover, it is perceived that−φ ′(0) enhanced with the larger values of Nb,Le,K,
Pr,R,Nt,Gr,λ1,Gc and S decreases versus increment in γ and M and decreasing val-
ues of S. On the other hand, C f x(0) rises with the growth of Le,λ1,Nb,M,K,R,S, γ
and diminishes with the increment in Nt,Gr,Gc,Pr and on descending of S.
Figure 4.1 shows that f ′(η) inversely related with S. It is observed that as the mass
exchange process goes from injection to suction, the velocity profile falls. Physically,
by increasing factor S peak velocity transfers nearby the sheet surface and thickness
of the boundary layer reduces. Similarly, θ(η) shows an inverse relation with param-
eter S on improving from injection to suction in Figure 4.2. From Figures 4.1 and
4.2, it is meaningful to say that the wall transpiration (suction or injection) offers an
effective means of controlling the flow and energy transport characteristics.
Figure 4.3 expressed heat generation impact on θ(η). It is noted that θ(η) increases
by growing λ1. The reason behind in fluid flow regime, the rate of heat exchange re-
duces with sink (λ1 < 0) as a medium of heat absorption. On the other hand, the heat
exchange rate enhances in the existence of energy source (λ1 > 0) in nanofluid flow
process. The velocity of fluid enhances with the improvement in heat generation, due
to which heat generates in the flow region and the temperature increases in thermal
boundary layer. Practically, these processes are possible in the chemical reactions, for
instance in endothermic or exothermic reactions. Physically, in an endothermic reac-
tion, more heat is required in a chemical reaction. Whereas, in exothermic reactions,
there is a heat generation, which results in an increment in heat exchange.
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Figure 4.4 indicates that φ(η) declines by increasing the factor S. Moreover, φ(η)
falls with the improvement in chemical reaction parameter R because R depends upon
nanofluid concentration. This decline in φ(η) versus increment in R is owing to
higher conversion of reactants to resultant products. On the other hand, it shows the
efficiency of heat exchange and more conversion of the reactants in nanofluids. To
get more products, to reduce process cost, and to enhance the over all reaction rate
such types of processes play a key role in chemical reactions.
Figures 4.6 to 4.11 present the influences of involved factors on −θ ′(0) and −φ ′(0).
In Figure 4.6, −θ ′(0) enhances with increase in the factors M and S. As compared
to impermeable surface, −θ ′(0) falls in the case of injection i.e. for negative values
of S and enhances for suction when S > 0. This is due to momentum transport that
is declined adjacent the wall as the injection is applied at the wall. Further, Figure
4.7 presents −φ ′(0) increases versus different values of factors M and S. This be-
havior may be meaningful by the fact that the concentration distribution broaden due
to blowing. In return, the wall concentration gradient diminishes and finally −φ ′(0)
results. In addition, Figure 4.8 reveals that −θ ′(0) improves with the increment in
λ1 and in Pr. Physically, the wall temperature gradient enhances for the growing
magnitudes of Pr due to which the thermal boundary layer thickness reduces. While,
−φ ′(0) shows direct correspondence with factors λ1, Pr (see Figure 4.9). More-
over, in Figure 4.10, −θ ′(0) shows an inverse correspondence with R, Nt, and Nb.
Whereas, −φ ′(0) presents direct relation with R, Nt, and Nb in Figure 4.11.
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Figure 4.1. Variations in velocity profile for several values of S
Figure 4.2. Variations in temperature profile for several values of S.
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Figure 4.3. Variations in temperature profile for several values of λ1.
Figure 4.4. Variations in concentration profile for several values of S.
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Figure 4.5. Variations in concentration profile for several values R.
Figure 4.6. −θ ′(0) against M for several values of S.
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Figure 4.7. −φ ′(0) against M for several values of S.
Figure 4.8. −θ ′(0) λ1 for several values of Pr.
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Figure 4.9. −φ ′(0) against λ1 for several values of Pr.
Figure 4.10. −θ ′(0) against R for several values of Nt = Nb.
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Figure 4.11. −φ ′(0) against R for several values of Nt = Nb.
4.4 Conclusions
The problem of steady incompressible flow of a micropolar nanofluid on permeable
inclined stretching surface along with influence of chemical reaction and suction or
injection is investigated numerically. The governing equations are converted in to or-
dinary differential equations by applying similar similarity transformation and solved
by utilizing Keller box scheme. The effects of suction or injection, heat generation
or absorption on physical quantities of our interest are presented in the form of table
and graphs. The notable conclusions of the problem under concern are:
1. −θ ′(0) decreases and −φ ′(0) increases with enhancement in chemical reaction.
2. Suction parameter increase −θ ′(0) and −φ ′(0) whereas injection show contrary
impact.
3. −θ ′(0) decreases and −φ ′(0) increases due to heat generation.
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CHAPTER FIVE
MICROPOLAR NANOFLUID BOUNDARY LAYER FLOW
OVER A POWER LAW INCLINED STRETCHING SURFACE
5.1 Introduction
The problem of flow of micropolar nanofluid towards a power law inclined stretch-
ing surface is investigated in first part of this chapter. While the second part con-
sists on micropolar nanofluid flow generated due to nonlinear inclined stretching sur-
face by incorporating convective boundary conditions and thermal radiations. The
slanted surface is stretched nonlinearly in the existence of non-uniform magnetic
field B(x) = B0x
m−1
2 acting normal to flow direction. By using appropriate similarity
transformations, the governing nonlinear PDE’s are transformed into ODE’s. The
impacts of different factors such as velocity exponent factor m, as well as Hartmann
number M, Prandtl number Pr and Lewis number Le, respectively are discussed via
tabulated and graphical form. A comparative study is also being made with those of
Khan and Pop (2010).
5.2 Governing Equations
A steady, two dimensional boundary layer flow of micropolar nano fluid over an
inclined nonlinear stretching with an angle γ is taken into account. Note that, uw
(x) = axm signifies velocity due to stretching surface while u∞(x) = 0 represents
free stream velocity. The transverse magnetic field B(x) = B0x
m−1
2 is considered at
right angle to flow. The Brownian motion and thermophoresis effects are taken into
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account. The temperature T and nano particle fraction C take the constant values Tw
and Cw at the wall, while the encompassing structures for nanofluid temperature and
mass divisions T∞ and C∞ are achieved as y tends to infinity as shown in Figure 3.3.
The governing equations for this problem are as follows (see Equations 3.59, 3.62

































































































The subject boundary conditions are
u = uw(x) = axm ,v = 0 ,T = Tw ,N∗ =−m0
∂u
∂y
,C =Cw at y = 0,
u→ u∞(x) = 0 ,v→ 0 ,T → T∞ ,N∗→ 0 ,C→C∞ as y→ ∞. (5.2)
88
5.2.1 Similarity Transformations







where continuity equation in Equation (5.1) is satisfied identically. Similarity trans-





















On substituting Equation (5.4), system of equations (5.1) converted to the following
nonlinear ordinary differential equations:

















h′′+ f h′− 3m−1
m+1











′′+ f θ ′+Nbθ ′φ ′+Ntθ ′2 = 0, (5.5)
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Here, Grx denotes the local Grashof number and local modified Grashof number is
given by Gcx, It is worth mentioning here that to achieve true similarity solution, Grx
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and Gcx must be constant and free from x. This condition can be achieved if thermal
and concentration expansion coefficients βt and βc are proportional to x2m−1.
Thus, following Makinde and Olanrewaju (2010), Olanrewaju and Hayat (2014) and
Ilias et al. (2016), we assume that
βt = nx2m−1,βc = n1x2m−1, (5.7)








Equation (5.2) converted in to the form
f (η) = 0, f ′ (η) = 1, h(η) = 0,θ (η) = 1,φ (η) = 1 at η = 0,
f ′ (η)→ 0, h(η)→ 0,θ (η)→ 0,φ (η)→ 0 at η → ∞. (5.9)
The concern quantities including (skin friction) C f , (Nusselt number) Nu and (Sher-











The expressions for C f x (0) = (1+K) f ′′ (0) (Skin-friction), −θ ′ (0) (local Nusselt
number) and −φ ′ (0) (local Sherwood number) are demarcated as






,−θ ′ (0) = Nu√
m+1
2 Rex






v represents Reynold’s number.
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5.3 Results and Discussion
Numerical results of the nonlinear ordinary differential equations (5.5) subjected to
the boundary settings (5.9) are obtained via Keller-box scheme. Results of physi-
cal parameters of our concern such as Prandtl number Pr, local modified Grashof
number Gc, thermophoresis parameter Nt, Brownian motion parameter Nb, mag-
netic factor M, local Grashof number Gr, inclination factor γ , (Lewis number) Le
and (material factor) K, are exhibited by various figures and tables. In the deficiency
of Gr, Gc, M and K with γ = 900, the outcomes of (reduced Nusselt number)−θ ′(0),
(reduced Sherwood number) −φ ′(0) are compared with Khan and Pop (2010) (see
Table 3.1) and showed good agreement. The effects of −φ ′(0), −θ ′(0) and C f x(0)
versus involved physical constraints Nb,Nt,M,K,Gr,Gc, γ,m,Le and Pr are shown
in Table 5.1. From Table 5.1, it is clear that −θ ′(0) declines with the increase in
M,Le,Nb,Nt,m,γ and increases by enhancing the numerical values of K,Gr,Gc, and
Pr. In addition, −φ ′(0) enhances versus larger values of Le,Nb,Gr,Gc,Nt,Pr,K and
decreases with the increase in M,m and γ . While, C f x(0) increases against increase
in K,Le,M,γ,m,Pr and decreases with the increment in Nt,Gr,Gc, and Nb.
Table 5.1
Variations of local Nusselt number −θ ′(0), local Sherwood number −φ ′(0) and skin
friction coefficient C f x(0) .
Nb Nt Pr Le M K Gr Gc m γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 7.0 5.0 0.1 1.0 1.0 0.9 0.5 450 1.1618 1.2482 0.6326
0.5 0.1 7.0 5.0 0.1 1.0 1.0 0.9 0.5 450 0.2147 1.7428 0.6065
0.1 0.5 7.0 5.0 0.1 1.0 1.0 0.9 0.5 450 0.5199 1.9167 0.3007
0.1 0.1 10.0 5.0 0.1 1.0 1.0 0.9 0.5 450 1.1902 1.2594 0.6514
0.1 0.1 7.0 10.0 0.1 1.0 1.0 0.9 0.5 450 1.0231 2.2201 0.7370
0.1 0.1 7.00 5.0 0.5 1.0 1.0 0.9 0.5 450 1.1458 1.1979 0.9755
0.1 0.1 7.0 5.0 0.1 5.0 1.0 0.9 0.5 450 1.1744 1.3052 1.3112
0.1 0.1 7.0 5.0 0.1 1.0 3.0 0.9 0.5 450 1.1823 1.2887 0.0514
0.1 0.1 7.0 5.0 0.1 1.0 1.0 2.0 0.5 450 1.1783 1.2864 0.2174
0.1 0.1 7.0 5.0 0.1 1.0 1.0 0.9 5.0 450 1.1251 1.1644 1.5270
0.1 0.1 7.0 5.0 0.1 1.0 1.0 0.9 0.5 900 1.1345 1.1862 1.3003
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Figure 5.1 gives a picture of the upshot of factor M on velocity profile. The velocity
outline slows down as we upsurge the magnetic field constraint M. It is since the use
of magnetic field yields Lorentz force, by means retard speed of the fluid. Moreover,
similar behavior of the magnetic field on h(η) is shown in Figure 5.2. Whereas, dif-
ferent impacts of M on θ(η) and φ(η) shown in Figures 5.3 and 5.4. θ(η) and φ(η)
increase with the increase in factor M. In addition, Figure 5.5 presents γ variation on
f ′(η). It can be justified from the situation that highest gravitational force act on the
flow for γ = 00, since in this condition the sheet will be vertical. While, as γ = 900,
the buoyancy forces reduces in this situation because the sheet will be horizontal due
to which f ′(η) falls. Whereas, θ(η) and φ(η) show direct relation with inclination
factor in Figures 5.6 and 5.7.
Figure 5.8 presents f ′(η) decreases with the increment in non-linear stretching factor
m. Besides, θ(η) and φ(η) increases versus m is presented in Figures 5.9 and 5.10,
respectively. Figures 5.11 and 5.12 display the effect of Nb on the θ(η) and φ(η)
sketches separately. The temperature sketch enlarges on improving Nb, whereas,
φ(η) enlighten dissimilar style. Physically, boundary layer heat up due to the devel-
opment in Brownian motion which inclines to travel nanoparticles from the extending
sheet to the motionless liquid. Therefore, the absorption nanoparticle lessens. Fig-
ures 5.13 and 5.14 present θ(η) and φ(η) versus Nt behavior. Both θ(η) and φ(η)
upsurge by growing Nt. Thermophoresis favor to warm boundary layer for altered
values of Le and Pr. Whereas, the extent of energy and mass transport reduce with
increase in Nt. Figure 5.15 exhibits an increment in Pr, θ(η) drops, because thermal
boundary layer viscosity declining by growing Pr. In short, an upturn in Pr express
slow extent of thermal distribution. Figure 5.16 represents the outcome of Le on
φ(η). The boundary layer viscosity lessening with the increment in Le.
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Figure 5.1. Variations in velocity profile for several values of M.
Figure 5.2. Variations in angular velocity for several values of M.
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Figure 5.3. Variations in temperature profile for several values of M.
Figure 5.4. Variations in concentration profile for several values of M.
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Figure 5.5. Variations in velocity profile for several values of γ .
Figure 5.6. Variations in temperature profile for several values of γ .
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Figure 5.7. Variations in concentration profile for several values of γ .
Figure 5.8. Variations in velocity profile for several values of m.
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Figure 5.9. Variations in temperature profile for several values of m.
Figure 5.10. Variations in concentration profile for several values of m.
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Figure 5.11. Variations in temperature profile for several values of Nb.
Figure 5.12. Variations in concentration profile for several values of Nb.
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Figure 5.13. Variations in temperature profile for several values of Nt.
Figure 5.14. Variations in concentration profile for several values of Nt.
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Figure 5.15. Variations in temperature profile for several values of Pr.
Figures 5.17 to 5.24 present impacts of −θ ′(0) and −φ ′(0) versus various involved
factors. It is observed that −θ ′(0) and −φ ′(0) diminish with the increase of factors
Nb and γ , see Figures 5.17 and 5.18. Similar behavior of −θ ′(0) and −φ ′(0) versus
γ and Nt are presented in Figures 5.19 and 5.20. On the other hand, Figures 5.21 and
5.22 show that −θ ′(0) declines on improving the factors Nb, Nt and Pr. Whereas,
−φ ′(0) enhances for growth of Nb and Pr, and declines on enhancing the factors Nt
and Pr, see Figures 5.23 and 5.24.
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Figure 5.16. Variations in concentration profile for several values of Le.
Figure 5.17. −θ ′(0) against Nb for several values of γ
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Figure 5.18. −φ ′(0) against Nb for several values of γ
Figure 5.19. −θ ′(0) against Nt for several values of γ
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Figure 5.20. −φ ′(0) against Nt for several values of γ
Figure 5.21. −θ ′(0) against Pr for several values of Nb
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Figure 5.22. −θ ′(0) against Pr for several values of Nt
Figure 5.23. −φ ′(0) against Pr for several values of Nb
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Figure 5.24. −φ ′(0) against Pr for several values of Nt
5.4 Conclusions
In this problem heat and species transfer of micropolar nanofluid flow generated via
nonlinear slanted stretching surface is numerically studied. The magnetic effect is
taken in to account. Using appropriate similarity transformations flow equations are
transformed in to ordinary differential equations and solved numerically via Keller
box scheme. The influence of nonlinear stretching parameter on variation of heat
and mass transfer rates along with Skin friction examined in tabulated and graphical
forms. From this study we draw the following conclusions:
1. f ′(η) decreases with the influence of m.
2. Heat and mass fluxes reduces with increase in nonlinear stretching parameter.
3. Skin friction increases with increment in nonlinear stretching parameter.
4. −θ ′(0) and −φ ′(0) reduce by increasing magnetic parameter.
105
5.5 Governing Equations of Micropolar Nanofluid Boundary Layer Flow With
Convective Boundary Conditions
An incompressible flow of micropolar nanofluid for power law inclined surface by
incorporating the radiation effect and convective boundary conditions is examined
in current problem. This is the extension of the problem investigated in Chapter 6,
the radiation effect is taken in account along with existence of convective heating
procedure characterized by the heat transfer coefficient h f which is proportional to
x−1 and temperature Tf Makinde and Olanrewaju (2010). where Tf > Tw > T∞.
The governing equations for the this problem are as follows (see Equations 3.59, 3.62







































































































The subject boundary conditions are










,C =Cw at y= 0,
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u→ u∞(x) = 0 ,v→ 0 ,T → T∞ ,N∗→ 0 ,C→C∞ as y→ ∞. (5.13)
5.5.1 Similarity Transformations
By using the same similarity transformations as defined in Equation (5.4), the non-
linear partial differential equations (5.12) are reduce to

















h′′+ f h′− 3m−1
m+1
















. Here, N = 4σ
∗T 3∞
αk∗ denotes radiation parameter (Anwar, 2013),
other involved flow parameters are same as defined in previous chapter.
The boundary settings are transformed to







,φ (η)= 1 at η = 0,
f ′ (η)→ 0, h(η)→ 0,θ (η)→ 0,φ (η)→ 0 at η → ∞, (5.15)





is called Biot number i.e the convective factor. This problem reduces
to the constant wall temperature problem of the micropolar nanofluid as discussed
in previous problem in Section 5.2. On the other hand, Equations (5.14) and (5.15)
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reduces to Equations (5.5) and (5.9) by taking N = 0 and γ1→∞. In the present study,
the quantities including the local Nusselt number −θ ′ (0) and the local Sherwood








∂y )y=0 in −θ
′
(0) which can be written as





5.6 Results and Discussion
This portion of problem is presented numerical consequences of Equations (5.14) by
using boundary settings (5.15) found by employing Keller-box technique. The com-
plete numerical procedure used for such problem is explained in Appendix A. For
numerical result of physical parameters of our concern including Brownian motion
parameter Nb, thermophoresis parameter Nt, magnetic factor M, local Grashof num-
ber Gr, local modified Grashof number Gc, inclination factor γ , Prandtl number Pr,
Lewis number Le, radiation effect N, Biot number γ1 and material factor K, Figures
5.25 to 5.38 are organized. In the deficiency of radiation effect N, local Grashof num-
ber Gr, local modified Grashof number Gc, magnetic factor M, and material factor
K with γ = 900 and γ1→ ∞ outcomes of reduced Nusselt number −θ ′(0), reduced
Sherwood number −φ ′(0) matched with outcomes of Khan and Pop (2010). The
consequences established good settlement.
The effects of−θ ′(0),−φ ′(0) and C f x(0) by changing values of involved parameters
Nb,Nt,M,K,Gr,Gc,γ,m,Le,γ1,N, and Pr are shown in Table 5.2. Table 5.2 clearly
showed that −θ ′(0) declines for growing the values of Nb,Nt,M,Le,N,γ , and in-
creased by enhancing numerical values of Gr,Pr,γ1,m,Gc, and K. Moreover, it is
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perceived that −φ ′(0) enhanced with larger values of Nb, Gr,Gc,Le,K,N, and drops
for bigger values of M,Nt,Pr,γ1,m, and γ . Meanwhile, C f x(0) rises with the increase
in Nb,N,Nt,Le,M,K,γ,m,γ1, and diminishes for higher values of Gr,Pr and Gc.
Table 5.2
Variations of local Nusselt number −θ ′(0), local Sherwood number −φ ′(0) and skin
friction coefficient C f x(0) .
Nb Nt Pr Le M K Gr Gc N γ1 m γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 1.0 0.1 0.5 450 0.0979 1.6151 1.0246
0.5 0.1 7.0 5.0 0.1 1.0 0.1 0.9 1.0 0.1 0.5 450 0.0440 1.6555 1.0312
0.1 0.5 7.0 5.0 0.1 1.0 0.1 0.9 1.0 0.1 0.5 450 0.0916 1.4976 1.1218
0.1 0.1 10 5.0 0.1 1.0 0.1 0.9 1.0 0.1 0.5 450 0.1128 1.6066 1.0241
0.1 0.1 7.0 10 0.1 1.0 0.1 0.9 1.0 0.1 0.5 450 0.0942 2.3636 1.0981
0.1 0.1 7.0 5.0 0.5 1.0 0.1 0.9 1.0 0.1 0.5 450 0.0952 1.5788 1.3632
0.1 0.1 7.0 5.0 0.1 2.0 0.1 0.9 1.0 0.1 0.5 450 0.0998 1.6375 1.2500
0.1 0.1 7.0 5.0 0.1 1.0 1.0 0.9 1.0 0.1 0.5 450 0.0982 1.6177 0.9920
0.1 0.1 7.0 5.0 0.1 1.0 0.1 2.0 1.0 0.1 0.5 450 0.0996 1.6371 0.7016
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 2.0 0.1 0.5 450 0.0800 1.6248 1.0250
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 1.0 0.5 0.5 450 0.3054 1.6096 1.1120
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 1.0 0.1 5.0 450 0.0946 1.5695 1.6222
0.1 0.1 7.0 5.0 0.1 1.0 0.1 0.9 0.1 0.1 0.5 600 0.0966 1.5953 1.3005
Figure 5.25 portrayed the effect of nonlinear stretching factor m on velocity profile.
The velocity profile falls by improving m. Physically, the boundary layer thickness
reduces by improving factor m (Abbas and Hayat, 2011). Moreover, Figure 5.26
pointed out that θ(η) upsurged with the growth of factor M. Similarly, θ(η) in
Figure 5.27 presents a direct relation with nonlinear stretching factor m and matched
with the result of Vajravelu (2001). In addition, Figure 5.28 presents an increment in
γ1 that increases θ(η). Further, θ(η) enhances with the increase in N as can be seen
in Figure 5.29.
Physically, the thermal diffusivity declines by improving factor N and it make heat
diffusion far from the heat surface more deliberately and as a result enhance the tem-
perature gradient at the wall. Whereas, θ(η) diminishes with the enhancement of
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Pr as presented in Figure 5.30. The growth of Pr results for higher surface temper-
ature to penetrate into quiescent fluid. In addition, the viscosity of the fluid play a
significant role in this penetration since enhancement in Pr diminishes the thermal
boundary layer thickness and heat exchange.
Figure 5.25. Variations in velocity profile for several values of m.
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Figure 5.26. Variations in temperature profile for several values of M.
Figure 5.27. Variations in temperature profile for several values of m.
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Figure 5.28. Variations in temperature profile for several values of γ1.
Figure 5.29. Variations in temperature profile for several values of N.
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Figure 5.30. Variations in temperature profile for several values of Pr.
Figures 5.31 and 5.32 exhibit the influences of factors N, and γ1 on φ(η), respec-
tively. Figure 5.31 shows that N reveals an inverse relation with φ(η). Whereas, γ1
presents a direct relation with φ(η) (see Figure 5.32). The impact of −θ ′(0) and
−φ ′(0) against involved factors such as N,γ1,Nb and Nt exhibited in Figures 5.33
to 5.38. Figure 5.33 shows that −θ ′(0) versus N enhances with the increase of Biot
number γ1. On the other hand, an opposite impact reflects in Figure 5.34 in the case
of −φ ′(0) against N with the increment in factor γ1. Moreover, −θ
′
(0) versus γ1 di-
minishes for higher magnitudes of Nb shown in Figure 5.35. Besides, in Figure 5.36,
the growth of Nb and γ1 enhances −φ
′
(0). Whereas, from Figures 5.37 and 5.38, it
is clearly observed that−θ ′(0) and−φ ′(0) decreases against enhancement in Nt and
γ1.
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Figure 5.31. Variations in concentration profile for several values of N.
Figure 5.32. Variations in concentration profile for several values of γ1.
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Figure 5.33. −θ ′(0) against N for several values of γ1.
Figure 5.34. −φ ′(0) against N for several values of γ1.
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Figure 5.35. −θ ′(0) against γ1 for several values of Nb.
Figure 5.36. −φ ′(0) against γ1 for several values of Nb.
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Figure 5.37. −θ ′(0) against γ1 for several values of Nt.
Figure 5.38. −φ ′(0) against γ1 for several values of Nt.
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5.7 Conclusions
In present problem the flow of micropolar type nanofluid by considering power law
slanted geometry is studied numerically via Keller box method. In this study con-
vective boundary conditions as well as thermal radiations are considered. Brownian
motion and thermophoretic impacts on heat and mass transfer rates are examined
numerically and exhibited via graphs. The variations in −φ ′(0) and −θ ′(0) against
radiation and convective parameters are presented. The core finding of the problem
are given by:
1. Temperature and concentartion profiles increase by enhancing Biot number.
2. −θ ′(0) against radiation and convective parameters show direct relation.
3. −φ ′(0) reduces with increase in N and convective parameters.
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CHAPTER SIX
CASSON NANOFLUID BOUNDARY LAYER FLOW OVER A
LINEAR INCLINED STRETCHING SURFACE
6.1 Introduction
In this problem, the magnetic field impact is taken into account. The primary interest
of this part is to study Casson nanofluid for linear inclined geometry. The magnetic
and thermophoretic effects are considered. For numerical simulation we will convert
the governing equation with y employing appropriate similarity transformations in
to coupled nonlinear ODE’s (ordinary differential equations). Then these equation
solved by employing Keller-box scheme. For the authentication of our outcomes we
are matched our numerical outcome with already published article of Khan and Pop
(2010) and found to be a good agreement.
6.2 Governing Equations
In this study, steady two dimensional boundary layer flow of Casson nano fluid over a
slanted surface at angle γ is considered. The stretching and free stream velocities are
supposed to be of the forms uw(x) = ax and u∞(x) = 0 respectively. An external trans-
verse magnetic field is acted at right angle of the slanted surface. Thermophoretic
impacts are considered. For flow geometry see Figure 3.3.
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The governing boundary layer equations for the present problem are as follows (see




































































subjected to the boundary conditions
u = uw(x) = ax ,v = 0 ,T = Tw ,C =Cw at y = 0,
u→ u∞(x) = 0 ,v→ 0 ,T → T∞ ,C→C∞ as y→ ∞. (6.2)
6.2.1 Similarity Transformations
In this section, nonlinear partial differential equations (6.1) are reduced into nonlinear
ordinary differential equations.








The similarity transformations are characterized as
u = ax f ′ (η) ,v =−
√
























′′+ f θ ′+Nbθ ′φ ′+Ntθ ′2 = 0, (6.5)
φ
′′+Le f φ ′+Ntbθ ′′ = 0.
Here, involved flow parameters are defined same as in Chapter 3.
The corresponding boundary conditions are transformed to
f (η) = 0, f ′ (η) = 1, θ (η) = 1,φ (η) = 1 at η = 0,
f ′ (η)→ 0,θ (η)→ 0,φ (η)→ 0 at η → ∞. (6.6)
The physical quantities of interest i.e. skin friction C f , Nusselt number Nu and Sher-











where τw = µ(1+ 1β )
∂u
∂y , qw =− k
∂T
∂y , qm =− DB
∂C
∂y at y = 0 represent shear stress,
energy and mass rates respectively. The mathematical representation of the coeffi-
cient of skin friction C f x (0) = (1+ 1β ) f
′′ (0), local Nusselt number−θ ′ (0) and local
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Sherwood number −φ ′ (0) demarcated as
C f x (0) = C f
√
Rex,−θ ′ (0) =
Nu√
Rex





v means local Reynold’s number.
6.3 Results and Discussion
This unit enclosed the discussions and elucidations of our results in graphical and
tabular form. The Keller-box method is applied to solve the converted nonlinear
ordinary differential equation (6.5) with boundary conditions (6.6). The numeri-
cal result of our concern physical factors including Brownian motion constraint Nb,
thermophoresis factor Nt, Casson factor β , magnetic factor M, local Grashof num-
ber Gr, local modified Grashof number Gc, inclination parameter γ , Prandtl num-
ber Pr and Lewis number Le are exhibited by tables and figures. In the lack of
Gr, Gc,M, and Le = Pr = 10 with γ = 900 against Casson parameter β → ∞, the
results for −θ ′(0) and −φ ′(0) are matched with the existing outcomes (see Table
3.1). The outcomes established a good settlement. The effects of reduced Nus-
selt number−θ ′(0), reduced Sherwood number −φ ′(0) and skin friction coefficient
C f x(0) versus Nb,Nt,β ,M,K,Gr,Gc,γ,Pr and Le are mentioned in Table 6.1.
It is observed that −θ ′(0) declines on enhancing Nb,Gr,Le,M,Nt,γ and increases
with the growing of Pr,β , and Gc. Besides,−φ ′(0) upturns by growing Pr,Nt,Nb,Le,β ,Gc
and decreases on the increase of M,Gr, and γ . While C f x(0) rises with the growth of
Nb,Le,M,Gr, and γ . Further, C f x(0) decreases by enhancing Gc,β ,Nt and Pr.
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Table 6.1
Variations of local Nusselt number −θ ′(0), local Sherwood number −φ ′(0) and skin
friction coefficient C f x(0) .
Nb Nt Pr Le M Gr Gc β γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 6.5 5.0 0.1 0.1 0.9 2.0 450 1.1198 1.1807 0.6673
0.5 0.1 6.5 5.0 0.1 0.1 0.9 2.0 450 0.2304 1.6654 0.7030
0.1 0.5 6.5 5.0 0.1 0.1 0.9 2.0 450 0.5288 1.6034 0.5512
0.1 0.1 10.0 5.0 0.1 0.1 0.9 2.0 450 1.1696 1.1847 0.6651
0.1 0.1 6.5 10.0 0.1 0.1 0.9 2.0 450 0.9926 2.1325 0.7189
0.1 0.1 6.5 5.0 0.5 0.1 0.9 2.0 450 1.1050 1.1381 0.8121
0.1 0.1 6.5 5.0 0.1 1.0 1.0 5.0 450 1.1163 1.1691 0.6982
0.1 0.1 6.5 5.0 0.1 0.1 2.0 2.0 450 1.1244 1.1898 0.6082
0.1 0.1 6.5 5.0 0.1 1.0 1.0 3.0 450 1.1374 1.2197 0.4659
0.1 0.1 6.5 5.0 0.1 1.0 1.0 2.0 600 1.1148 1.1696 0.7216
From Figure 6.1, we infer that velocity profile decreases by increasing inclination.
This can be ascribed to the circumstance that the angle of inclination drops the result
of the buoyancy force because of thermal diffusion by an influence of Cosγ . Ac-
cordingly, the driving force to the fluid declines due to the drop of fluid’s velocity.
On the other hand, an opposite impact of γ can be observed in the case of θ(η) and
φ(η) in Figures 6.2 and 6.3. The effect of Casson parameter on velocity parameter
is presented in Figure 6.4. It is observed that for different values of Casson parame-
ter, velocity profile decreases. The reason behind this behavior is that by increasing
the values of Casson parameter β increases the fluid viscosity, i.e reducing the yield
stress. Therefore, the momentum boundary layer thickness reduces. Figures 6.5 and
6.6 indicate that θ(η) and φ(η) increases by enhancing the factor β .
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Figure 6.1. Variations in velocity profile for several values of γ .
Figure 6.2. Variations in temperature profile for several values of γ
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Figure 6.3. Variations in concentration profile for several values of γ .
Figure 6.4. Variations in velocity profile for several values of β .
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The impact of local modified Grashof number is shown in Figure 6.7. It is observed
that the velocity profile rises by improving Gc. Physically, velocity and viscosity of a
liquid are inversely proportional. Thus, enhancement in Gc decline viscous force as
a result concentration and f ′(η) rises. Whereas, Figures 6.8 and 6.9 show an inverse
relation for θ(η) and φ(η) versus Gc. Moreover, the relation between Gr and f ′(η)
is presented in Figure 6.10. Here, Gr exhibits features of buoyancy force, which
offers a direct correspondence with f ′(η). Physically, the growing magnitudes of Gr
declines the viscous force which causes faster motion to fluid flow. Further, θ(η) and
φ(η) diminishes with an increase in Gr presented in Figures 6.11 and 6.12.
The impressions of magnetic field are presented in Figure 6.13. It is noted that the
velocity shape falls by increasing the magnetic field element M. Growth of M indi-
cates an increment in Lorentz force, which causes decline in velocity of the liquid.
Furthermore, Figures 6.14 and 6.15 depict θ(η) and φ(η) increase by strengthen
parameter M. Figures 6.16 and 8.17 indicate the effect of Nb on θ(η) and φ(η). It
is seen that θ(η) enlarges with an enhancement in Nb. On the other hand, contrary
style is seen against φ(η). Physically, the enlargement in Nb supports in heat up the
boundary layer which inclines to travel nanoparticles from the stretching sheet to the
motionless liquid. Therefore, the concentration nanoparticle moderates.
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Figure 6.5. Variations in temperature profile for several values of β .
Figure 6.6. Variations in concentration profile for several values of β .
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Figure 6.7. Variations in velocity profile for several values of Gc.
Figure 6.8. Variations in temperature profile for several values of Gc.
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Figure 6.9. Variations in concentration profile for several values of Gc
Figure 6.10. Variations in velocity profile for several values of Gr
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Figure 6.11. Variations in temperature profile for several values of Gr.
Figure 6.12. Variations in concentration profile for several values of Gr.
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Figure 6.13. Variations in velocity profile for several values of M.
Figure 6.14. Variations in temperature profile for several values of M.
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Figure 6.15. Variations in concentration profile for several values of M.
Figure 6.16. Variations in temperature profile for several values of Nb.
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Figures 6.18 and 6.19 portray θ(η) and φ(η) upturn by increasing Nt. For decreas-
ing Le and Pr boundary layer heat up due to Thermophoresis. Thus, we can infer that
the flux of energy and mass exchange diminish with the growth of Nt. Figure 6.20
reveals that by growing Pr, θ(η) decreases because of lessening viscosity of thermal
boundary layer. Finally, an increase in Pr shows slow extent of thermal diffusion.
Figure 6.21 shows correspondence among Le and φ(η). The boundary layer thick-
ness decreases by enhancing Le. Figures 6.22 to 6.25 show that −θ ′(0) and −φ ′(0)
versus Nb decrease by increasing the inclination. In addition, −θ ′(0) and −φ ′(0)
diminish by improving magnitudes of Nt and γ .
This chapter presents Casson effects on boundary layer flow over linear inclined ge-
ometry. It is natural to extends the next chapter by considering flow behavior of
Casson nanofluid flow with thermal radiation effect for inclined geometry that is
nonlinear.
Figure 6.17. Variations in concentration profile for several values of Nb.
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Figure 6.18. Variations in temperature profile for several values of Nt.
Figure 6.19. Variations in concentration profile for several values of Nt.
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Figure 6.20. Variations in temperature profile for several values of Pr.
Figure 6.21. Variations in concentration profile for several values of Le.
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Figure 6.22. −θ ′(0) against Nb for several values of γ .
Figure 6.23. −φ ′(0) against Nb for several values of γ .
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Figure 6.24. −θ ′(0) against Nt for several values of γ .
Figure 6.25. −φ ′(0) against Nt for several values of γ .
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6.4 Conclusions
This chapter is prepared for the boundary layer flow of Casson nanofluid flow over
a linear inclined surface in the presence of magnetic effects. After the conversion of
flow equations into ordinary differential equation we use well known numerical tech-
nique for solution named Keller box scheme. The influence of Casson parameter (β )
on velocity profile discussed graphically. In the same vein, the numerical variation
with respect to Casson parameter (β ) is examined via table. The key conclusions of
this problem presented by:
1. The Casson parameter retards the velocity of the fluid.
2. An increment in Casson factor enhance heat and mass transfer rates.
3. Skin friction reduces by increasing Casson parameter.
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CHAPTER SEVEN
BOUNDARY LAYER FLOW OF CASSON NANOFLUID OVER
A NONLINEAR INCLINED STRETCHING SURFACE
7.1 Introduction
In this chapter, problem on Casson nanofluid flow over a power law inclined stretch-
ing surface is explored by incorporating radiations impact. Using appropriate simi-
larity transformations, the system of nonlinear partial differential equations is trans-
formed to a system of nonlinear ordinary differential equations. To approve the nu-
merical outcomes, the present outcomes are contrasted with previously published
results in the lack of Hartmann number M, Gr (local Grashof number), Gc (modified
local Grashof number), N (radiation factor) and Casson constraint β , with γ = 900
and found in good agreement.
7.2 Governing Equations
Suppose two dimensional incompressible Casson nanofluid flow over nonlinear in-
clined extending surface slant at γ , where u∞(x) = 0 represent free stream velocity
and uw(x) = axm shows stretching velocity. Further B(x) = B0x
m−1
2 represents trans-
verse magnetic field. The slanted surface stretched nonlinearly. Moreover, thermal
radiation impacts are under consideration in this problem. The flow equations for the
problem under examination are as follows (see Equations 3.59, 3.62 (when Q0 =),
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subject to the boundary conditions
u = uw(x) = axm ,v = 0 ,T = Tw ,C =Cw at y = 0,
u→ u∞(x) = 0 ,v→ 0 ,T → T∞ ,C→C∞ as y→ ∞. (7.2)
7.2.1 Similarity Transformations







where continuity equation in equation (7.1) is satisfied identically. The similarity


















On substituting Equation (7.4), system of Equations (7.1) is converted to the follow-

























′′+Le f φ ′+Ntbθ ′′ = 0.




where N = 4σ
∗T∞3
αk∗ is the radiation constraint (Anwar, 2013),
the other involved parameters are defined same as in Chapter 3. Moreover, Gr and
Gc are defined same as in Chapter 6.
The converted boundary conditions are
f (η) = 0, f ′ (η) = 1, θ (η) = 1,φ (η) = 1 at η = 0,
f ′ (η)→ 0,θ (η)→ 0,φ (η)→ 0 at η → ∞. (7.6)
The associated expressions of the skin friction coefficient C f x (0), the local Nusselt
number −θ ′ (0) and the local Sherwood number −φ ′ (0) are defined in the same way







∂y )y=0 in the
reduced Nusselt number. Using the expression of qw, the reduced Nusselt number is






7.3 Results and Discussion
This section manages mathematical results of converted nonlinear ordinary differ-
ential equations (7.5) with boundary conditions (7.6) are elucidated via Keller-box
method. For numerical result of physical parameters including Brownian motion de-
noted by Nb, thermophoresis given by Nt, magnetic factor M, local Grashof num-
ber Gr, local modified Grashof number Gc, inclination factor γ , Prandtl number
Pr, Lewis number Le, radiation factor N, Casson parameter β , and nonlinear fac-
tor m, different figures are drawn. In the deficiency of Gr,Gc,M,N and with m = 1,
γ = 900 and β → ∞, the consequences of (reduced Nusselt number) −θ ′(0) and
(reduced Sherwood number) −φ ′(0) are equated by the Khan and Pop (2010) (see
Table 3.1) results. The consequences established good settlement. The effects on
−θ ′(0), −φ ′(0) and skin friction measurement C f x(0) against several values of in-
volved physical factors Nb,β ,Nt, M,N,Gr,Gc,γ,Pr,Le and m are exposed in Table
7.1. It is noted that−θ ′(0) drops for the increasing values of Nb,Nt,M,β ,N,Le,m,γ
and increased by enhancing numerical values of Gr,Gc and Pr. Moreover, it is per-
ceived that −φ ′(0) enhanced with the larger values of Nb,N,Le,Gr,Gc and drops for
bigger values of m,M,β ,γ,Pr and Nt. Further, C f x(0) rises with the growing values
Nb,Le,β ,M,N,γ,m and drops versus Nt,Gr,Gc and Pr.
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Table 7.1
Variations of local Nusselt number−θ ′(0), local Sherwood number−φ ′(0) and skin-
friction coefficient C f x(0).
Nb Nt Pr Le M N Gr Gc β m γ −θ ′(0) −φ ′(0) C f x(0)
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 1.0 0.5 450 0.9180 1.3209 0.4857
0.5 0.1 6.5 5.0 0.1 1.0 0.1 0.9 1.0 0.5 450 0.4290 1.6634 0.5173
0.1 0.5 6.5 5.0 0.5 1.0 1.0 1.0 5.0 0.5 450 0.6301 1.0406 0.3634
0.1 0.1 10.0 5.0 0.1 1.0 0.1 0.9 1.0 0.5 450 1.0446 1.2633 0.4835
0.1 0.1 6.5 10.0 0.1 1.0 0.1 0.9 1.0 0.5 450 0.8737 2.1720 0.5374
0.1 0.1 6.5 5.0 2.5 1.0 0.1 0.9 1.0 0.5 450 0.8008 1.1334 1.2603
0.1 0.1 6.5 5.0 0.1 5.0 0.1 0.9 1.0 0.5 450 0.5458 1.4921 0.4882
0.1 0.1 6.5 5.0 0.1 1.0 0.5 0.9 1.0 0.5 450 0.9267 1.3339 0.4067
0.1 0.1 6.5 5.0 0.1 1.0 0.1 3.0 1.0 0.5 450 0.9553 1.3778 0.1101
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 3.0 0.5 450 0.9024 1.2947 0.5526
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 1.0 1.5 450 0.8973 1.2891 0.6641
0.1 0.1 6.5 5.0 0.1 1.0 0.1 0.9 1.0 0.5 600 0.9116 1.3114 0.5412
Figures 7.1 to 7.7 show physical impacts of the concerned factors on the momentum,
temperature and concentration profiles. It is clear from Figure 7.1 that the velocity
field falls with the influence of nonlinear stretching factor m. It is clearly observed
that nonlinear stretching rate declines the velocity of the fluid while it enhances θ(η)
and φ(η) (see Figures 7.2 and 7.3). Moreover, in Figure 7.4, the magnetic effect
decreases the velocity of the fluid due to Lorentz force which built resistance in the
flow path.
Whereas, Figures 7.5 and 7.6 present θ(η) and φ(η) that increase with the improve-
ment of magnetic factor. In addition, the radiation effect shows direct correspondence
with θ(η) as shown in Figure 7.7. Figures 7.8 and 7.9 show variations in−θ ′(0) and
−φ ′(0) versus Nb with altered magnitudes of γ . It is clearly observed that−θ ′(0) and
−φ ′(0) decrease on enhancing the inclination factor. Further, Figures 7.10 and 7.11
exhibit similar impact on−θ ′(0) and−φ ′(0) with the growth of Nt and γ . Moreover,
−θ ′(0) increases with the increasing factors N and Pr. Whereas, −φ ′(0) declines on
the improvement of Pr and N.
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Figure 7.1. Variations in velocityyprofile for several values of m.
Figure 7.2. Variations in temperature profile for several values of m.
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Figure 7.3. Variations in concentration profile for several values of m.
Figure 7.4. Variations in velocity profile for several values of M.
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Figure 7.5. Variations in temperature profile for several values of M.
Figure 7.6. Variations in concentration profile for several values of M.
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Figure 7.7. Variations in temperature profile for several values of N.
Figure 7.8. −θ ′(0) against Nb for several values of γ .
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Figure 7.9. −φ ′(0) against Nb for several values of γ .
Figure 7.10. −θ ′(0) against Nt for several values of γ .
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Figure 7.11. −φ ′(0) against Nt for several values of γ .
Figure 7.12. −θ ′(0) against N for several values of Pr.
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Figure 7.13. −φ ′(0) against N for several values of Pr.
7.4 Conclusions
Heat and species transfer of Casson nanofluid flow towards nonlinear slanted stretch-
ing surface is under consideration in this problem. In addition MHD along with
thermal radiations effects are investigated numerically. For numerical solution first
momentum, energy and mass equations are converted into ordinary differential equa-
tions form by utilizing suitable transformations then apply Keller box scheme and
recovered numerical outcomes. In this problem we examined the Prandtl number
along with thermal radiations influence on our concern physical quantities such as
Nusselt number, Sherwood number through graphs. The main conclusions of this
problem are given as:
1. Heat transfer rate increases against higher values of Prandtl number and thermal
radiations while mass transfer rate reduces.
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2. −φ ′(0) and −θ ′(0) decrease with increase in inclination and thermophoretic ef-
fects.




CONCLUSION AND AREA OF FUTURE WORK
8.1 Summary of Research
In Chapter 1, background of research, problem statements, objectives and scope of
study, significance of study and thesis outline were presented while in Chapter 2, lit-
erature review of the problems were revealed. In this thesis, 5 different problems con-
cerning energy and mass transport of magnetohydrodynamic (MHD) boundary layer
flow of non-Newtonian nanofluid over an inclined stretching surface were discussed.
The first problem focused on MHD boundary layer flow of micropolar nanofluid
flow over a linear inclined streching surface. In the second problem, heat generation
or absorption with chemical reaction effects were considered over a permeable linear
inclined stretching surface which was the extension of the first problem. Moreover,
third problem presented micropolar nanofluid flow for power law stretching inclined
surface. Problem four was considered for Casson nanofluid flow along linear slanted
geometry. In the same vein, the last problem explained radiation effects over Casson
nanofluid for the power law inclined stretching surface.
For numerical simulation of all above stated problems, a very efficient numerical
technique known as the Keller box scheme were utilized. In all these problems of
micropolar nanofluid and Casson nanofluid flow, velocity, temperature, concentra-
tion and micro-rotation profiles along with skin friction coefficient and Sherwood
number for wide range of flow factors were studied. The model under consider-
ation for first problem consists on the effects of Nb, Nt, K,Pr,Le,Grx,Gcx,γ , and
M. By considering Gr,Gc,M,K = 0 with γ = 900 and Pr = Le = 10, the current
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outcomes matched with already published results (see Table 3.1). It is eminent that
C f x(0) upsurges with the improved magnitudes of Le,M,Nb,K,γ and reduces with
the increment in Gr,Gc,Pr,Nt. Results with the growth of Nt,Gr,Gc,Le,K,Nb,Pr
presented that −φ ′(0) increases while decreases with the increase in γ,M. Whereas,
−θ ′(0) increases against the upsurge magnitudes of Pr,Gr,K,Gc and declines by en-
hancing γ,M,Nb,Le,Nt. Moreover, −θ ′(0) and −φ ′(0) versus Nb and Nt decreases
on improving the inclination factor shown in Figures 3.23 to 3.26. Whereas, −θ ′(0)
and −φ ′(0) versus Nb and Nt increases on the increments in K (see Figures 3.27 to
3.30).
The second problem discussed in the Chapter 4, which focused on permeable inclined
stretching surface, where suction or injection effect were taken into account. In this
problem, the current results reduced to Khan and Pop (2010) taking Gr,Gc,M,K,λ1,R=
0 with γ = 900 and Pr = Le = 10. Table 4.1 exhibits that C f x(0) reveals quite oppo-
site outcomes for S > 0 and for S < 0. Further, C f x(0) increases for the increasing
magnitudes of λ1 and R. Whereas,−θ
′
(0) increases against S > 0 and declines verses
S < 0. On the other hand, −θ ′(0) shows decrease for the increment in R and λ1. Be-
sides, −φ ′(0) improves by improving R and λ1 numerically. In Figures 4.7 and 4.8,
−θ ′(0) and−φ ′(0) versus M upturns with the increment in S. Whereas, Figures 4.11
and 4.12 show opposite results for −θ ′(0) and −φ ′(0) versus R with the growth of
Nb and Nt.
The problem examined in Chapter 5 focuses on an incompressible flow of micropolar
nanofluid over a power law slanted extending surface. In this problem an additional
effect of nonlinear stretching parameter m was considered. The results shown in Ta-
ble 5.1 exhibit that −φ ′(0) shows an inverse relation with m,M and γ . Whereas,
C f x(0) presents a direct relation with m. Moreover, it is found that enhancement in
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m means reduction in −θ ′(0). On the other hand, the enhancement in factor m slows
down the velocity of the fluid (see Figure 5.8) and upturns θ(η) and φ(η) shown in
Figures 5.9 and 5.10. Further,in Chapter 5 thermal radiations and convective bound-
ary conditions are investigated over power law inclined stretching surface. By Putting
N = 0 and γ1→ ∞, the problem under concern reduces to the problem discussed in
the previous Section 5.2. Table 5.2 shows that −θ ′(0) decreases on increasing fac-
tors γ1 and N and −φ
′
(0) increases with the increase in N and γ1. Whereas, in the
case of C f x(0), the enhancement in γ1 shows direct correspondence with C f x(0) and
the increase in N shows inverse relation with C f x(0). Further, θ(η) and φ(η) up-
turns with the enhancement in γ1 and N. Whereas, −θ
′
(0) increases versus N for the
higher magnitudes of γ1 and −φ
′
(0) decreases on the improvement of γ1 and N as
shown in Figures 5.33 and 5.34. Similarly, in Figure 5.35 −θ ′(0) decreases against
the increment in Nb and γ1 while −φ
′
(0) increases in Figure 5.36.
Table 8.1
Summary of results in problems 1, 2 and 3 for the local Nusselt number −θ ′(0), the
local Sherwood number −φ ′(0) and Skin-friction coefficient C f x(0).
Problems Parameters −θ ′(0) −φ ′(0) C f x(0)
Nb ↓ ↑ ↑
Nt ↓ ↑ ↓
Pr ↑ ↑ ↓
Le ↓ ↑ ↑
1 M ↓ ↓ ↑
K ↑ ↑ ↑
Gr ↑ ↑ ↓
Gc ↑ ↑ ↓
γ ↓ ↓ ↑
λ1 ↓ ↑ ↑
S > 0 ↑ ↑ ↑
2 S < 0 ↓ ↓ ↓
R ↓ ↑ ↑
γ ↓ ↓ ↑
Nb ↓ ↑ ↓
3 Pr ↑ ↑ ↑
m ↓ ↓ ↑
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The Casson nanofluid flow over an inclined stretching surface is discussed in Chapter
6. For the accuracy of results, by considering M,Gr,Gc = 0, with β →∞, Le = Pr =
10 and γ = 900, matched our outcomes with Khan and Pop (2010) which shows
good agreement. From Table 6.1 it is observed that −θ ′(0) and −φ ′(0) enhances by
enhancing β . Moreover, C f x(0) diminishes because of the increase in β . Whereas,
due to the growing magnitudes of γ , −θ ′(0) and −φ ′(0) were reduced. From Figure
6.4 it is clearly seen f
′
(η) falls while θ(η) and φ(η) upturn against different numeric
of β . In addition, −θ ′(0) and −φ ′(0) versus Nb drop for the enhancement in γ (see
Figures 6.22 and 6.23). The similar effect can be seen in Figures 6.24 and 6.25 for
−θ ′(0) and −φ ′(0) versus Nt on improving γ . In Chapter 7, final problem is probed
for power law inclined extending surface with the addition of radiations effect. The
numerical outcomes of this problem for M,Gr,Gc and N = 0, with β → ∞, Le =
Pr = 10 and m = 1, γ = 900 where compared with available literature found a decent
settlement. Moreover, −θ ′(0) and −φ ′(0) diminish against altered magnitudes of m
while C f x(0) increases exhibited in Table 7.1. Further, −θ
′
(0) decreases with the
increase in N. Besides, −φ ′(0) and C f x(0) increases by increasing N. Moreover,
f
′
(η) drops while θ(η) and φ(η) upsurge versus m (see Figures 7.1 to 7.3). Further,
θ(η) boosts due to the increase in N shown in Figure 7.7. In Figure 7.12, −θ ′(0)
shows a direct relation with Pr and N. Whereas, −φ ′(0) shows an inverse relation
with N and Pr in Figure 7.13.
Table 8.2
Summary of results in problems 4 and 5 for the local Nusselt number −θ ′(0), the
local Sherwood number −φ ′(0) and Skin-friction coefficient C f x(0).
Problems Parameters −θ ′(0) −φ ′(0) C f x(0)
Gr ↓ ↓ ↑
4 β ↑ ↑ ↓
Nt ↓ ↓ ↓
Pr ↑ ↓ ↓
5 N ↓ ↑ ↑
β ↓ ↓ ↑
m ↓ ↓ ↑
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8.2 Suggestions for Future Work
The field with energy and mass transport can be unsteady due to sudden stretching
of the sheet or by a step change of heat flux or temperature. Moreover, an inviscid
flow is developed instantaneously, if the surface is impulsively stretched with cer-
tain velocity. However, the flow in the viscous layer near the sheet develop slowly,
and it becomes fully developed steady flow after a certain amount of time (Sharidan
et al., 2006). Madhu et al. (2017) discussed the radiations effect on the unsteady
flow of Maxwell nanofluid with energy and mass exchange over a stretching surface.
Mabood and Shateyi (2019) examined the heat and mass exchange of unsteady flow
with radiation and magnetic effect over a stretching surface. Further, the boundary
layer flow for slanted stretching surface play a significant role in the field of en-
gineering and industry. Therefore, studied problems can be extended for different
geometries. Recently, Khan et al. (2017) investigated Carreau nanofluid flow over a
slanted stretching cylinder by incorporating convective boundary conditions. Saeed
et al. (2019) discussed the Casson nanofluid flow over a slanted disk. In view of the
above stated literature, the studied problems can be extended for unsteady nanofluid
problems and for stretching inclined sphere, cylinder, and disk. Therefor for future
research there are a few cases which can be considered which are:
1. Boundary layer flow of unsteady nanofluid for inclined geometry and porous
medium.
2. Tewari and Das model for inclined stretching/shrinking surface.
3. Using Keller box scheme for non-similarity partial differential equations for all
problems considered in this thesis.
4. All studied problems can be extended for stretching inclined cylinder, disk and
sphere.
5. Boundary layer flow for stretching/shrinking inclined surface in different types of
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fluids for instance Maxwell nanofluid and Carreau nanofluid.
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THE KELLER-BOX SCHEME AND MATLAB PROGRAM
FOR THE SOLUTION OF MHD BOUNDARY LAYER
MICROPOLAR NANOFLUID FLOW OVER AN INCLINED
STRETCHING SURFACE
A.1 The Finite Difference Method
Equations in (3.105) subject to the boundary conditions (3.109) are written in a sys-
tem of first order differential equations. For this purpose, new dependent variables
are introduced for f (η), u(η), v(η), t (η), l (η), g(η), p(η), q(η), and s(η).
Also, h(η), θ (η) and φ (η) are replaced with t (η), g(η) and q(η), respectively
that represent the microrotation, fluid temperature and concentration, respectively.
Therefore, the following first-order equations are
f ′ (η) = u(η) ,
u′ (η) = v(η) ,
t ′ (η) = l (η) ,
g′ (η) = p(η) ,
q′ (η) = s(η) , (A.1)
















p′+ f p+Nb s p+Nt p2 = 0,
s′+Le f s+Ntb p′ = 0.
The boundary conditions in terms of new dependent variable η becomes
f (η) = 0, u(η) = 1, t (η) = 0, g(η) = 1, q(η) = 1 at η = 0,
u(η)→ 0, t (η)→ 0, g(η)→ 0, q(η)→ 0 at η → ∞. (A.2)
The net rectangle is considered in the x−η plane as shown in Figure A.1 and the net
points are defined as below:
x0 = 0, xi = xi−1 + ki, i = 1,2,3, ......I, (A.3)
η
0 = 0,η j = η j−1 + h j, j = 1,2,3, ......J,ηJ = η∞, (A.4)
where ki is the ∆x−spacing and h j is the ∆η−spacing. Here i and j are just sequence
of numbers that indicate the coordinate location, not tensor indices or exponents.







































The difference equations, which are to approximate Equations (A.1) are written by
considering one mesh rectangle as shown in Figure A.1. Using centered-difference
derivatives, the finite difference approximations of the ordinary differential Equations





























































































( uij + uij−1
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At x = xi, the subjected boundary conditions (A.2) in terms of the dependent variable
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(η) become
f i0 = 0, u
i
0 = 1, h
i
0 = 0, g
i
0 = 1, q
i
0 = 1, (A.10)
uiJ = 0, h
i
J = 0, g
i
























are assumed to be known









































f j, u j, v j, t j, l j, g j, p j, q j, s j
)
.
After multiplying with h j, the system of equation (A.9) can be written as




u j + u j−1
)
= 0,




v j + v j−1
)
= 0,




l j + l j−1
)
= 0,




p j + p j−1
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s j + s j−1
2
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p j + p j−1
2
)]
+ h j Nt
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s j− s j−1
)
+ h j Le
[(
f j + f j−1
2
)(





p j− p j−1
)]
= 0.
For the Newton’s method, the following iterates are introduced to linearize the non-
linear system of equations (A.11).






































Substituting these expressions (A.12) into Equation (A.11), and after dropping the
quadratic and higher-order terms in δ f (k)j ,δ u
(k)









δ p(k)j ,δ q
(k)
j and δ s
(k)
j as well as the superscript i for simplicity, this procedure
yields the following linear tridiagonal system.




δ u j +δ u j−1
)
= ( r1) j−1/2 ,




δ v j +δ v j−1
)
= ( r2) j−1/2 ,
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δ l j +δ l j−1
)
= ( r3) j−1/2 ,




δ p j +δ p j−1
)
= ( r4) j−1/2 ,




δ s j +δ s j−1
)
= ( r5) j−1/2 , (A.13)
( a1) j δ v j +( a2) j δ v j−1 +( a3) j δ f j +( a4) j δ f j−1 +( a5) j δ u j+
( a6) j δ u j−1 +( a7) j δ l j +( a8) j δ l j−1 +( a9) j δ g j +( a10) j δ g j−1+
( a11) j δ q j +( a12) j δ q j−1 = ( r6) j−1/2 ,
( b1) j δ l j +( b2) j δ l j−1 +( b3) j δ f j +( b4) j δ f j−1 +( b5) j δ u j+
( b6) j δ u j−1 +( b7) j δ v j +( b8) j δ v j−1+
( b9) j δ t j +( b10) j δ t j−1 = ( r7) j−1/2 ,
( c1) j δ p j +( c2) j δ p j−1 +( c3) j δ f j +( c4) j δ f j−1 +( c5) j δ s j+
( c6) j δ s j−1 = ( r8) j−1/2 ,
( d1) j δ s j +( d2) j δ s j−1 +( d3) j δ f j +( d4) j δ f j−1+
( d5) j δ p j +( d6) j δ p j−1 = ( r9) j−1/2
where,
( a1) j = 1+ K +
h j
2




( a3) j =
h j
2
v j−1/2,( a4) j = ( a3) j ,
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( a5) j =− h j u j−1/2,( a6) j = ( a5) j ,
( a7) j =
h j K
2
,( a8) j = ( a7) j ,
( a9) j =
h j
2
Grcos(γ),( a10) j = ( a9) j ,
( a11) j =
h j
2
Gccos(γ),( a12) j = ( a11) j ,













( b3) j =
h j
2
l j−1/2,( b4) j = ( b3) j
( b5) j =−
h j
2
t j−1/2,( b6) j = ( b5) j ,
( b7) j =−
h j K
2
,( b8) j = ( b7) j ,
( b9) j =
− h j
2
u j−1/2− h j K,( b10) j = ( b9) j ,






s j−1/2 + h j Nt Pr p j−1/2,
( c2) j = ( c1) j−2,
( c3) j =
h jPr
2
p j−1/2,( c4) j = ( c3) j ,
( c5) j =
h j Nb Pr
2
p j−1/2,( c6) j = ( c5) j ,
( d1) j = 1+
h j Le
2
f j−1/2,( d2) j = ( d1) j−2,
( d3) j =
h j Le
2
s j−1/2,( d4) j = ( d3) j ,
( d5) j = Ntb,( d6) j =− Ntb,
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( r1) j = f j−1− f j + h j u j−1/2,
( r2) j = u j−1− u j + h j v j−1/2,
( r3) j = t j−1− t j + h j l j−1/2,
( r4) j = g j−1− g j + h j p j−1/2,
( r5) j = q j−1− q j + h j s j−1/2,
( r6) j = (1+ K)
(
v j−1− v j
)
− h j f j−1/2 v j−1/2 + h j u2j−1/2− h j K l j−1/2−











l j−1− l j
)
− h j f j−1/2 l j−1/2 + h j u j−1/2 t j−1/2+
2 h j K t j−1/2 + h j K v j−1/2,
( r8) j = p j−1− p j− h j Pr f j−1/2 p j−1/2− h j Nt Pr p
2
j−1/2−
h j Nb Pr s j−1/2 p j−1/2,
( r9) j = s j−1− s j− h j Le f j−1/2 s j−1/2 + Ntb
(
p j−1− p j
)
.
To complete the system (A.13), the boundary conditions (A.10) are recalled that can
be satisfied exactly with no iteration. So, the correct values in all the iterations are
maintained by taking
δ f0 = 0,δ u0 = 0,δ t0 = 0,δ g0 = 0,δ q0 = 0,
δ uJ = 0, δ tJ = 0, δ gJ = 0, δ qJ = 0. (A.14)
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A.1.2 The Block-Elimination Method
The linearized differential equations of the system (A.13) have a block-tridiagonal
structure. In vector-matrix form, it can be written as




[ A1] [ C1]
[ B2] [ A2] [ C2]
. . .
. . .
[ BJ−1] [ AJ−1] [ CJ−1]




















The block-tridiagonal structure are commonly consisting of variables or constants,
but here, an interesting feature can be observed that is, for the Keller-Box method,
it consists of block matrices. By taking e j = −
h j





0 0 0 0 1 0 0 0 0
e1 0 0 0 0 e1 0 0 0
0 e1 0 0 0 0 e1 0 0
0 0 e1 0 0 0 0 e1 0
0 0 0 e1 0 0 0 0 e1
( a2)1 ( a8)1 0 0 ( a3)1 ( a1)1 ( a7)1 0 0
( b8)1 ( b2)1 0 0 ( b3)1 ( b7)1 ( b1)1 0 0
0 0 ( c2)1 ( c6)1 ( c3)1 0 0 ( c1)1 ( c5)1









e j 0 0 0 1 0 0 0 0
−1 0 0 0 0 e j 0 0 0
0 −1 0 0 0 0 e j 0 0
0 0 −1 0 0 0 0 e j 0
0 0 0 −1 0 0 0 0 e j
( a6) j 0 ( a10) j ( a12) j ( a3) j ( a1) j ( a7) j 0 0
( b6) j ( b10) j 0 0 ( b3) j ( b7) j ( b1) j 0 0
0 0 0 0 ( c3) j 0 0 ( c1) j ( c5) j










0 0 0 0 −1 0 0 0 0
0 0 0 0 0 e j 0 0 0
0 0 0 0 0 0 e j 0 0
0 0 0 0 0 0 0 e j 0
0 0 0 0 0 0 0 0 e j
0 0 0 0 ( a4) j ( a2) j ( a8) j 0 0
0 0 0 0 ( b4) j ( b8) j ( b2) j 0 0
0 0 0 0 ( c4) j 0 0 ( c2) j ( c6) j
0 0 0 0 ( d4) j 0 0 ( d6) j ( d2) j







e j 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
( a5) j 0 ( a9) j ( a11) j 0 0 0 0 0
( b5) j ( b9) j 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0












































1≤ j ≤ J. (A.23)
The coefficient matrix A is known as a tridiagonal matrix due to the fact that all
elements [A] are zero except those 3 along the diagonal. To solve Equation (A.15) [A]
is assumed to be non singular and can be factorized into
























where [I] is the identity matrix of order 9 and [αi], [Γi] are 9 x 9 matrices whose
elements are determined by the following equations:
[α1] = [ A1] , (A.27)
























, j = 2,3, ......,J. (A.30)
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Equation (A.24) can be substituted into Equation (A.15), which is
[ L] [U ] [δ ] = [γ] (A.31)
[U ] [δ ] = [ W ] , (A.32)
then Equation (A.31) becomes
[L] [ W ] = [γ] (A.33)
where













are 9 x 1 column matrices. The elements [ W ] can be solved from Equation
(A.33)

















, 2≤ j ≤ J. (A.36)












are calculated is usually referred to as the









in the so-called backward sweep, in which the elements are obtained
by the following relations:

















,2≤ j ≤ J. (A.38)
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Once the elements of [δJ] are found, Equations (A.11) can be used to find the (k+1) th
iteration in Equation (A.13).
A.1.3 Starting Conditions
The Keller Box scheme is the only one in which several spacing along x and y di-
rections can be utilized (Nazar, 2004). For numerical simulation, a suitable value
of boundary layer thickness (η∞) must be established by starting from the small val-
ues, also a proper step size determined. In view of Cebeci and Bradshaw (2012)
the transformed boundary layer thickness (η) mostly constant in some cases of lam-
inar boundary layer flows and typically lies between 5 to 10. Whereas, according to
Nazar (2004), for accurate numerical results, step size (4η) of 0.02 to 0.04 is suit-
able. Moreover, Lok (2008) successfully utilized the step size of 0.1, but in this thesis
we considered the step size 0.01. In addition, the numerical values recovered in the
problems are independent of (4η).
In order to start and proceed with numerical computation, it is necessary to make
initial guesses for the functions f , u, v, t, l, g, p, q and s across boundary layer
from η = 0 to η → ∞. There are few checks on the selections of distribution curves
that they must satisfy the boundary conditions in Equation (3.109). Different guesses
of initial value profiles will give the same final results but the iteration count and
computation time may be more or less. For the present problem, the following initial































θ = g = 1− η
η∞




φ = q = 1− η
η∞
,φ ′ = s =− 1
η∞
. (A.39)
In laminar flow calculations, the wall shear stress parameter v(η) is commonly used
as the convergence criterion. This is probably because in boundary layer flow cal-
culations, it is seen that usually the greatest error appears in the wall shear stress
parameter. It is noted that throughout this study, this criterion of convergence is used
for all the considered problems and iterations are repeated until the convergence is
satisfied. Therefore, calculations are stopped when∣∣∣δv(i)0∣∣∣< ε1, (A.40)
where ε1 is a small prescribed value(ε1 = 0.00001) (Anwar, 2013). This shows the




%input the following values
Nb = input (’Input the values of Nb = ’);
Nt = input (’Input the values of Nt = ’);
Pr = input (’Input the values of Prandtle number = ’);
Le = input (’Input the values of Lewis number = ’);
Gr = input (’Input the values of local Grashof number = ’);
Gc = input (’Input the values of local modified Grashof number = ’);
M = input (’Input the values of Hartmann number = ’);
γ = input (’Input the values of γ = ’);
K = input (’Input the values of material factor K = ’);




while stop > epselon
eta(1,1) = 0.0;
for j = 2:np
eta(j,1) = eta(j-1,1) + deleta;
end
for j = 1:np
deta(j,k) = deleta;
% initial guess
f ( j,1) = eta( j,1)− eta( j,1)2/2∗ eta(np,1);
u(j,1) = 1 - (eta(j,1)/eta(np,1));
v(j,1) = (1/eta(np,1));
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t( j,1) = eta( j,1)/eta(np,1)− eta( j,1)2/eta(np,1)2;
L( j,1) = 1/eta(np,1)−2∗ eta( j,1)/eta(np,1);
g(j,1) = 1 - etab;
p(j,1) = -etau15;
q(j,1) = 1 - etab;
s(j,1) = -etau1;
end
% Present station (centered-difference derivatives) for j = 2:np
fb(j,k) = 0.5 * ( f(j,k) + f(j-1,k) );
ub(j,k) = 0.5 * ( u(j,k) + u(j-1,k) );
vb(j,k) = 0.5 * ( v(j,k) + v(j-1,k) );
pb(j,k) = 0.5 * ( p(j,k) + p(j-1,k) );
qb(j,k) = 0.5 * ( q(j,k) + q(j-1,k) );
tb(j,k) = 0.5 * ( t(j,k) + t(j-1,k) );
Lb(j,k) = 0.5 * ( L(j,k) + L(j-1,k) );
fLb(j,k) = fb(j,k) * Lb(j,k);
utb(j,k) = ub(j,k) * tb(j,k);
fvb(j,k) = fb(j,k) * vb(j,k);
uub(j,k) = ub(j,k) * ub(j,k);
fpb(j,k) = fb(j,k) * pb(j,k);
ppb(j,k) = pb(j,k) * pb(j,k);
ugb(j,k) = ub(j,k) * gb(j,k); dervb(j,k) = ( v(j,k) - v(j-1,k) ) / deta(j,k);
derLb(j,k) = ( L(j,k) - L(j-1,k) ) / deta(j,k);
derpb(j,k) = ( p(j,k) - p(j-1,k) ) / deta(j,k);
% Coefficients of the difference momentum equation
a1(j,k) = 1 + KK + 0.5 * deta(j,k) * fb(j,k);
a2(j,k) = -1 - KK + 0.5 * deta(j,k) * fb(j,k);
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a3(j,k) = 0.5 * deta(j,k) * vb(j,k);
a4(j,k) = a3(j,k);
a5(j,k) = - 0.5 * deta(j,k) * (MM )- deta(j,k) * ub(j,k);
a6(j,k) = a5(j,k);
a7(j,k) = 0.5 * deta(j,k) * KK;
a8(j,k) = a7(j,k);
a9(j,k) = 0.5 * deta(j,k) * Gr * cos (gamma);
a10(j,k) = a9(j,k);
a11(j,k) = 0.5 * deta(j,k) * Gc * cos (gamma);
a12(j,k) = a11(j,k);
% Coefficients of the difference micropolar equation
b1(j,k) = 1 + KK/2 + 0.5 * deta(j,k) * fb(j,k);
b2(j,k) = -1 - KK/2 + 0.5 * deta(j,k) * fb(j,k);
b3(j,k) = 0.5 * deta(j,k) * Lb(j,k);
b4(j,k) = b3(j,k);
b5(j,k) = -0.5 * deta(j,k) * tb(j,k);
b6(j,k) = b5(j,k);
b7(j,k) = -deta(j,k) * KK;
b8(j,k) = b7(j,k);
b9(j,k) = -0.5 * deta(j,k)* ub(j,k)-deta(j,k) * KK;
b10(j,k) = b9(j,k);
% Coefficients of the difference energy equation
c1(j,k) = 1 + 0.5 * deta(j,k) * Pr * fb(j,k) + Nb * 0.5 * deta(j,k) * Pr * sb(j,k) + Nt *
deta(j,k) * Pr * pb(j,k);
c2(j,k) = c1(j,k) - 2;
c3(j,k) = 0.5 * deta(j,k) * Pr * pb(j,k);
c4(j,k) = c3(j,k);
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c5(j,k) = Nb * 0.5 * deta(j,k) * Pr * pb(j,k);
c6(j,k) = c5(j,k);
% Coefficients of the difference nanoparticle equation
d1(j,k) = 1 + Le * 0.5 * deta(j,k) * fb(j,k);
d2(j,k) = d1(j,k) - 2;




% Expressions of rj-1/2
r1(j,k) = f(j-1,k) - f(j,k) + deta(j,k) * ub(j,k);
r2(j,k) = u(j-1,k) - u(j,k) + deta(j,k) * vb(j,k);
r3(j,k) = t(j-1,k) - t(j,k) + deta(j,k) * Lb(j,k);
r4(j,k) = g(j-1,k) - g(j,k) + deta(j,k) * pb(j,k);
r5(j,k) = q(j-1,k) - q(j,k) + deta(j,k) * sb(j,k);
r6(j,k) = (1+KK)*(v(j-1,k) - v(j,k)) - deta(j,k)* fvb(j,k)+ deta(j,k)* uub(j,k) - KK *
deta(j,k)* Lb(j,k) - deta(j,k)* Gr * cos(gamma)* gb(j,k)- deta(j,k)* Gc * cos(gamma)*
qb(j,k)+ deta(j,k)* (MM )* ub(j,k);
r7(j,k) = (1+KK/2)*(L(j-1,k) - L(j,k)) - deta(j,k)* fLb(j,k)+ deta(j,k)* utb(j,k) + 2 *
deta(j,k) * KK * tb(j,k)+ deta(j,k) * KK * vb(j,k);
r8(j,k) = p(j-1,k) - p(j,k)- deta(j,k) * Pr * fpb(j,k)- Nb * deta(j,k) * Pr * spb(j,k)- Nt *
deta(j,k) * Pr * ppb(j,k);
r9(j,k) = s(j-1,k)- s(j,k)- Le * deta(j,k) * fsb(j,k)+(Nt/Nb) * (p(j-1,k)-p(j,k));
end
% Obtain the matrices P1
aa2,k=[ 0 0 0 0 1 0 0 0 0;
-0.5*deta(2,k) 0 0 0 0 -0.5*deta(2,k) 0 0 0;
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0 -0.5*deta(2,k) 0 0 0 0 -0.5*deta(2,k) 0 0;
0 0 -0.5*deta(2,k) 0 0 0 0 -0.5*deta(2,k) 0;
0 0 0 -0.5*deta(2,k) 0 0 0 0 -0.5*deta(2,k);
a2(2,k) a8(2,k) 0 0 a3(2,k) a1(2,k) a7(2,k) 0 0;
b8(2,k) b2(2,k) 0 0 b3(2,k) b7(2,k) b1(2,k) 0 0;
0 0 c2(2,k) c6(2,k) c3(2,k) 0 0 c1(2,k) c5(2,k);
0 0 d6(2,k) d2(2,k) d3(2,k) 0 0 d5(2,k) d1(2,k)];
for j = 3:np
aaj,k=[ -0.5*deta(j,k) 0 0 0 1 0 0 0 0;
-1 0 0 0 0 -0.5*deta(j,k) 0 0 0;
0 -1 0 0 0 0 -0.5*deta(j,k) 0 0;
0 0 -1 0 0 0 0 -0.5*deta(j,k) 0;
0 0 0 -1 0 0 0 0 -0.5*deta(j,k);
a6(j,k) 0 a10(j,k) a12(j,k) a3(j,k) a1(j,k) a7(j,k) 0 0;
b6(j,k) b10(j,k) 0 0 b3(j,k) b7(j,k) b1(j,k) 0 0;
0 0 0 0 c3(j,k) 0 0 c1(j,k) c5(j,k);
0 0 0 0 d3(j,k) 0 0 d5(j,k) d1(j,k)];
bbj,k=[ 0 0 0 0 -1 0 0 0 0;
0 0 0 0 0 -0.5*deta(j,k) 0 0 0;
0 0 0 0 0 0 -0.5*deta(j,k) 0 0;
0 0 0 0 0 0 0 -0.5*deta(j,k) 0;
0 0 0 0 0 0 0 0 -0.5*deta(j,k);
0 0 0 0 a4(j,k) a2(j,k) a8(j,k) 0 0;
0 0 0 0 b4(j,k) b8(j,k) b2(j,k) 0 0;
0 0 0 0 c4(j,k) 0 0 c2(j,k) c6(j,k);
0 0 0 0 d4(j,k) 0 0 d6(j,k) d2(j,k)];
end
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for j = 2:np-1
ccj,k=[ -0.5*deta(j,k) 0 0 0 0 0 0 0 0;
1 0 0 0 0 0 0 0 0;
0 1 0 0 0 0 0 0 0;
0 0 1 0 0 0 0 0 0;
0 0 0 1 0 0 0 0 0;
a5(j,k) 0 a9(j,k) a11(j,k) 0 0 0 0 0;
b5(j,k) b9(j,k) 0 0 0 0 0 0 0;
0 0 0 0 0 0 0 0 0;
0 0 0 0 0 0 0 0 0 ];
end
% The recursion formulas for P1
% Forward sweep
alfa2,k = aa2,k;
for j = 3:np
gammaj,k = bbj,k * inv(alfaj-1,k);
alfaj,k = aaj,k - gammaj,k * ccj-1,k;
end
for j = 2:np
rrj,k = [ r1(j,k); r2(j,k); r3(j,k); r4(j,k);
r5(j,k);
r6(j,k); r7(j,k); r8(j,k); r9(j,k) ];
end
ww2,k = r2,k;
for j = 3:np
wwj,k = rrj,k - gammaj,k * wwj,k;
end
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% Backward sweep in P1
delf(1,k) = 0.0; delu(1,k) = 0.0; delt(1,k) = 0.0; delg(1,k) = 0.0; delq(1,k) = 0.0;
delu(np,k) = 0.0; delt(np,k) = 0.0; delg(np,k) = 0.0; delq(np,k) = 0.0;
dellnp,k = inv(alfanp,k) * wwnp,k;
dellj,k = inv(alfaj,k) * (wwj,k - (ccj,k * dellj-1,k));
end








for j = np:-1:3










for j = 1:np
f(j,k+1) = f(j,k) + delf(j,k);
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u(j,k+1) = u(j,k) + delu(j,k);
v(j,k+1) = v(j,k) + delv(j,k);
t(j,k+1) = t(j,k) + delt(j,k);
L(j,k+1) = L(j,k) + delL(j,k);
g(j,k+1) = g(j,k) + delg(j,k);
p(j,k+1) = p(j,k) + delp(j,k);
q(j,k+1) = q(j,k) + delq(j,k);
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